Abstract

Extracting knowledge from images through feature extraction is a topic of paramount
importance for the Image Processing and Computer Vision communities. Within
this general objective, this thesis focuses on the combination of the intensity and
texture information, encoded by means of the local structure tensor (LST), for
the segmentation of images.
The LST is a well-stablished tool for the representation of oriented textures,
and its incorporation to the segmentation process has reported to improve the
segmentation performance. However, its combined use with the intensity is a
complex issue that must be tackled carefully. This dissertation explores various
alternatives to achieve this combination, and besides studies the problem of the
balance of both sources of information.
Within a level set framework, the segmentation is rst performed in the tensor domain based on the denition of novel LST tensor variants that incorporate
intensity information.
A dierent approach is also considered based on a common energy minimization framework that allows the usage of both the insensity and the LST
respecting their most adequate representation forms and suitable metrics. Besides, an adaptive procedure for the determination of the weighting parameters
is proposed that takes into account the respective discriminant power of both
features.
The segmentation of tensor elds is also addressed in this dissertation. In this
direction, an extension to the state-of-the-art approaches for the segmentation
of tensor data has been derived which is based on the modeling of tensor data
using mixtures of Gaussians. The application of this scheme can be devoted to
the combined use of the intensity and texture as introduced before, as well as
for the stand-alone segmentation of tensor elds.
The methods proposed in this dissertation are applied to three medical image
applications. The rst two are performed using both the intensity and the LST
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in a combined approach as proposed in this thesis. Specically, the segmentation
of hand bones from radiographs is rst addressed, related to the problem of the
automated determination of the skeletal age in children. Next, the endocardium
of the left ventricle is extractred from 3D+T cardiac MRI images. The third
application is devoted to the segmentation of the corpus callosum from diusion
tensor MRI, and is thus an application of the Gaussian mixtures model for tensor
eld segmentation.

Resumen

La obtención de información de las imágenes mediante la extracción de características apropiadas es un asunto de capital importancia en el procesado de
imágenes y la visión por ordenador. Dentro de este marco general, esta tesis se
centra en la combinación de la información de intensidad y de textura, codicada
mediante el tensor de estructura local (LST, Local Structure Tensor), para la
segmentación de imágenes.
El LST es una herramienta bien conocida para la representación de texturas
orientadas, y su incorporación al proceso de segmentación produce mejoras en
el funcionamiento de la segmentación. Sin embargo, su uso combinado con la
intensidad es un problema complejo que debe ser tratado cuidadosamente. Esta
tesis explora varias alternativas para conseguir este uso combinado, y además
estudia el equilibrio entre ambas fuentes de información.
Dentro de un esquema de segmentación mediante level sets, en primer lugar
la segmentación se lleva a cabo en el dominio tensorial a través de la denición
de nuevas variantes del LST que incorporan información de intensidad.
También se ha considerado una perspectiva distinta, basada en una formulación de la segmentación mediante la minimización de un funcional común que
permite el uso del LST y la intensidad, respetando sus formas de representación y
las medidas de distancia más adecuadas. Además, se propone un procedimiento
adaptativo para la obtención de los parámetros de equilibro entre ambos términos, teniendo en cuenta sus respectivas capacidades de discriminación.
En esta tesis también se estudia la segmentación de campos tensoriales. En
esta dirección, se propone una extensión de los métodos que marcan el estado del
arte en segmentación de tensores basada en el modelado de los datos tensoriales
mediante mezclas de gaussianas. La aplicación de este esquema puede orientarse
al uso combinado de la intensidad y la textura, como se ha mencionado anteriormente, así como a la segmentación de campos tensoriales en solitario.
El ámbito de aplicación de esta tesis es el del procesado de imágenes médicas,
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dentro del cual se han considerado tres aplicaciones concretas. Las dos primeras
utilizan la intensidad y el LST dentro del esquema combinado propuesto en esta
tesis. En particular, se trata en primer lugar la segmentación de huesos de la
mano a partir de radiografías, como parte de un sistema automático para la
determinación de la edad ósea en la infancia. A continuación, se considera la
segmentación del endocardio del ventrículo izquierdo a partir de imágenes 3D+T
de resonancia magnética. La tercera aplicación está dedicada a la segmentación
del cuerpo calloso cerebral a partir de imágenes de resonancia magnética de tensores de difusión (DT-MRI), tratándose por tanto de una aplicación del modelo
de mezcla de gaussianas para la segmentación de campos tensoriales.

Agradecimientos

Casi doscientas páginas, muchas ecuaciones, 28 años después, llega el momento de poner el punto y nal de esta tesis. No quiero hacerlo sin dedicar
antes unas líneas a todas las personas que me han ayudado durante el largo
camino que nos lleva hasta aquí.
En primer lugar, no podría ser de otra forma, quiero expresar toda mi
gratitud a mi director de tesis, el Dr. Carlos Alberola, por todo su apoyo y
conanza mostrados durante todo este tiempo, por ayudarme a progresar,
y por el esfuerzo dedicado a revisar mi trabajo durante la realización de
esta tesis. Muchísimas gracias por todo ello.
Quiero agradecer también al Dr. Rachid Deriche por acogerme durante mi estancia en el laboratorio Odyssée de INRIA en Sophia-Antipolis,
enormemente fructífero desde un aspecto cientíco y también extraordinario en lo personal. Este agradecimiento se debe extender también a
todos los miembros del laboratorio, con los que pude aprender muchísimo
y compartir grandes momentos.
Por supuesto, tendría una enorme lista de cosas que agradecer a todos
mis compañeros del LPI. Todos y cada uno han acudido en mi ayuda,
tanto los que considero como hermanos mayores en lo profesional, como a
los que vinieron después de mí y son como hermanos pequeños. A todos
ellos, muchísimas gracias, espero poder ayudaros tanto como me habéis
ayudado a mí.
Poco a poco alejándome de lo profesional y adentrándome en lo personal, he de acordarme de todos los amigos con los que convivo en la
Universidad, de nuevo la gente del LPI, Juan Pablo, Rubén, Emma; y de
Miguel, Guillermo, Eduardo, Miguel Ángel, Sergio, Sara, Iván... Y, sobre
todo, Vero.
v

Aunque tengan poco o nada que ver con mi vida profesional, por haber
recorrido conmigo el camino hasta llegar aquí, y por ser aquellos con los
que comparto mi vida, me quiero acordar en este momento de Diego, de
Tomás Alberto, de Elena, de Bea y de David, de Vero, y de Laura, a quien
debo mucho de esta tesis.
Por n, éstos si que tuvieron conmigo toda la paciencia del mundo, mi
familia. Quiero acordarme de mis hermanas, que siempre me hacen sonreir,
y de mis padres, por apoyarme siempre incondicionalmente y darme todo
su cariño.

Rodrigo de Luis García,
Febrero de 2007.

A mis padres

Contents

1 Introduction
1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1.1.1 Combined use of the intensity and LST for segmentation . . . . . . . . . . . . . . . . . . . . . . . . . .
1.1.2 Segmentation of tensor fields . . . . . . . . . . . . .
1.2 Applications to medical image analysis . . . . . . . . . . . .
1.3 Outline of this Thesis . . . . . . . . . . . . . . . . . . . . . .
1.4 Glossary . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2 Level Sets for Image Segmentation
2.1 Introduction . . . . . . . . . . . . . . . . .
2.2 Snakes . . . . . . . . . . . . . . . . . . .
2.3 Level set representation for front evolution
2.4 Geodesic active contours . . . . . . . . .
2.5 Region-based level sets . . . . . . . . . .
2.5.1 The Mumford-Shah functional . . .
2.5.2 Bayesian region-based models . .
2.5.3 Geodesic Active Regions . . . . .
2.6 Summary . . . . . . . . . . . . . . . . . .

1
4
5
5
6
9

11
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

3 Tensors in Medical Image Processing
3.1 Introduction . . . . . . . . . . . . . . . . . . . . .
3.2 Tensor Definition . . . . . . . . . . . . . . . . . .
3.2.1 Tensor applications . . . . . . . . . . . . .
3.3 Structure Tensor . . . . . . . . . . . . . . . . . .
3.3.1 Local Structure Tensor . . . . . . . . . . .
3.3.2 Nonlinear LST . . . . . . . . . . . . . . .
3.4 Diffusion Tensor Magnetic Resonance Imaging .
3.4.1 The Diffusion Tensor . . . . . . . . . . . .
3.4.2 Applications of Diffusion Tensor Imaging .
3.5 Segmentation of Tensor Fields . . . . . . . . . .
3.5.1 Scalar diffusion and anisotropy measures

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.

ix

1

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.

11
12
13
18
20
20
25
26
29

31

31
31
32
34
34
36
38
39
42
44
44

3.5.2 Vector representation of the tensor . . . . . . . . .
3.5.3 Segmentation using tensor dissimilarity measures
3.5.4 Gaussian distributions over tensor fields . . . . . .
3.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . .
4 Tensor processing for image segmentation
4.1 Introduction . . . . . . . . . . . . . . . . . . . . .
4.2 Limitations of the LST . . . . . . . . . . . . . . .
4.3 Tensor GAR over a modified LST . . . . . . . . .
4.3.1 Modified LST Architectures . . . . . . . .
4.3.2 Segmentation method . . . . . . . . . . .
4.4 Performance of the Modified LST Architectures .
4.4.1 Experiments on synthetic textured images
4.5 Summary . . . . . . . . . . . . . . . . . . . . . .

.
.
.
.

48
49
56
60
61

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

61
63
66
66
68
69
69
79

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.

5 Common GAR for tensor and scalar processing
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . .
5.2 Common GAR framework . . . . . . . . . . . . . . . . .
5.3 Relative weighting of the tensor and image components
5.4 Experimental results . . . . . . . . . . . . . . . . . . . .
5.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . .

.
.
.
.
.

.
.
.
.
.

81
82
84
86
96

6 Mixtures of Gaussians on tensor fields
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . .
6.2 Mixtures of Gaussians on tensor fields . . . . . . . . . . . .
6.2.1 Gaussian probability density function of tensors . . .
6.2.2 Mixtures of Gaussians on tensors . . . . . . . . . .
6.3 Parameter estimation . . . . . . . . . . . . . . . . . . . . .
6.3.1 MLE in scalar or vector Gaussian distributions . . .
6.3.2 MLE in tensor Gaussian distributions . . . . . . . . .
6.3.3 EM algorithm for Gaussian mixtures on tensors . . .
6.4 Segmentation method . . . . . . . . . . . . . . . . . . . . .
6.5 On the use of the KL distance to obtain β1 and β2 . . . . . .
6.5.1 Monte Carlo simulations to approximate the KL distance on tensor distributions . . . . . . . . . . . . .
6.6 Experimental results . . . . . . . . . . . . . . . . . . . . . .
6.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . .

99

81

99
101
101
103
103
103
107
112
118
120
122
123
127

7 Segmentation of hand bones from radiographs
129
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 129
7.2 State of the Art in Bone age assessment . . . . . . . . . . . 130

7.3 Segmentation method . . . . . . . . . . . . .
7.3.1 Automatic placement of training seeds
7.4 Experimental results . . . . . . . . . . . . . .
7.5 Conclusions . . . . . . . . . . . . . . . . . . .

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

132
136
137
143

8 Segmentation of the left ventricle from MRI
8.1 Introduction . . . . . . . . . . . . . . . . .
8.2 Functional cardiac imaging . . . . . . . .
8.3 Segmentation method . . . . . . . . . . .
8.4 Experimental results . . . . . . . . . . . .
8.5 Conclusions . . . . . . . . . . . . . . . . .

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

.
.
.
.
.

147

9 DT-MRI Segmentation
9.1 Introduction . . . . . .
9.2 Segmentation method
9.3 Experimental results .
9.4 Conclusions . . . . . .

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

165
166
167
179

10 Conclusions, Contributions and Future Work
10.1 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . .
10.2 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . .
10.3 Future Work Directions . . . . . . . . . . . . . . . . . . . .

183

A Appendix A

213

B Appendix B

217

C Appendix C

221

147
148
149
156
158

165
.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

.
.
.
.

183
185
187

List of Figures

2.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.2 Evolution of a level set function φ to perform the segmentation of a 2D image. (a),(b),(c) Evolution of the level set;
(d),(e),(f) Evolution of the contour, given by the zero level
of φ. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.3 Two examples of great circles as geodesics in a sphere,
that is, length minimizing paths between two points. . . . .
2.4 Regularized versions of the Dirac and Heaviside functions.

14

16
18
22

3.1 Geometric shapes of tensors for the linear, planar and spherical case ((a), (b), (c) respectively). . . . . . . . . . . . . . . 47
4.1 Synthetic images composed of two regions with oriented
patterns superimposed on different mean values. . . . . . .
4.2 Results of the unsupervised segmentation of the first synthetic image. In red, LST-ACWE with J-divergence. In
green, v-LST-GAR over LST components plus intensity. From
left to right, initial contour, intermediate result after 5 iterations, final result. . . . . . . . . . . . . . . . . . . . . . . . .
4.3 Results of the unsupervised segmentation of the second
synthetic image. In red, LST-ACWE with J-divergence. In
green, v-LST-GAR over LST components plus intensity. From
left to right, initial contour, intermediate result after 5 iterations, final result. . . . . . . . . . . . . . . . . . . . . . . . .
4.4 Results of the unsupervised segmentation of the third synthetic image. In red, LST-ACWE with J-divergence. In
green, v-LST-GAR over LST components plus intensity. From
left to right, initial contour, intermediate result after 5 iterations, final result. . . . . . . . . . . . . . . . . . . . . . . . .
4.5 (a),(b) Sample images from the Bonn texture database; (d)
Binary mask used for the creation of the test sets; (e), (f)
Sample images from the gray data set. . . . . . . . . . . . .

xiii

63

64

65

65
70

4.6 (a),(b) Sample images from the CUReT colour textures
database; (d) Binary mask used for the creation of the test
sets; (e), (f) Sample images from the colour data set. . . . .
4.7 Initial contours for the segmentation processes in gray-scale
and colour cases. . . . . . . . . . . . . . . . . . . . . . . . .
4.8 Comparative results, over the gray-scale images test set,
of the Gaussian GAR model over LST with J-divergence
with previous approaches: ACWE model over LST with Jdivergence; Gaussian GAR model over 3 × 1 and 4 × 1
feature vectors, without and with intensity information, respectively. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4.9 Comparative segmentation results, over the gray-scale test
set, of the Gaussian GAR model, using J-divergence, over
LST, ELST and CLST. . . . . . . . . . . . . . . . . . . . . .
4.10 Comparative results, over the colour test set, of the Gaussian GAR model over LST with J-divergence with previous
approaches: ACWE model over LST with J-divergence;
Gaussian GAR model over 3 × 1 and 6 × 1 feature vectors,
without and with colour information, respectively. . . . . . .
4.11 Comparative segmentation results, over the colour test set,
of the Gaussian GAR model, using J-divergence, over LST,
ELST, CLST and ACLST. . . . . . . . . . . . . . . . . . . .
4.12 Cumulative distribution of S and Area Under the Curve
(AUC). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4.13 Results of the unsupervised segmentation of two different
gray-valued images. Method: tensor GAR over CLST, Jdivergence distance used. . . . . . . . . . . . . . . . . . . .
4.14 Results of the unsupervised segmentation of two different
colour-valued images. Method: tensor GAR over CLST,
J-divergence distance used. . . . . . . . . . . . . . . . . . .
4.15 Results of the unsupervised segmentation of a colour-valued
image. (a) Method: vector-valued GAR over 6 × 1 feature
vector, Gaussian approximation with uncorrelated channels, J-divergence distance used; (b) Method: tensor GAR
over CLST, J-divergence distance used. . . . . . . . . . . .

71
72

73
74

75
76
77
78
79

79

5.1 Comparative results, for the gray-level test set, of the AC
method and other LST-based approaches. LST, ELST, CLST
and ACLST. . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.2 Comparative results, for the colour-level test set, of the
AC method and other LST-based approaches. LST, ELST,
CLST and ACLST. . . . . . . . . . . . . . . . . . . . . . . .
5.3 Comparative results of the AC segmentation approach and
other texture segmentation approaches, for the synthetic
gray-level dataset. . . . . . . . . . . . . . . . . . . . . . . .
5.4 Comparative results of the AC segmentation approach and
other texture segmentation approaches, for the synthetic
colour dataset. . . . . . . . . . . . . . . . . . . . . . . . . .
5.5 Comparative results of the AC approach and a non-adaptive
counterpart, in which β1 = β2 , for the synthetic gray-level
test set. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.6 Comparative results of the AC approach and a non-adaptive
counterpart, in which β1 = β2 , for the synthetic colour test
set. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.7 Segmentation results with some real-world gray-scale images. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.8 Segmentation results on a real image using LST, ELST and
CLST (a, b, c respectively); AC method (d). . . . . . . . . .
5.9 Segmentation results with the well-known zebra image using: KM on the filtered image (filtering using nonlinear diffusion with LST information to compute diffusivity) plus majority voting (a); Bouman’s segmentation method (b); AC
scheme (c). . . . . . . . . . . . . . . . . . . . . . . . . . . .
5.10 Segmentation results on several colour real images employing the AC method (KL distance on the LST). . . . . . .

88
89
90
92
93
94
95

95
96

6.1 General workflow of the AdMoGIT segmentation method. . 120
6.2 Influence of the number of generated points on the KL distance calculation. . . . . . . . . . . . . . . . . . . . . . . . . 124
6.3 Image regions employed for training (in red and blue), for a
sample test image. . . . . . . . . . . . . . . . . . . . . . . . 125
6.4 Comparative results, over the gray-scale images test set, of
the AC model over LST and intensity distances, Bouman’s
segmentation method, AdMoGIT and MoGIT (Gaussian GAR
model over tensor and intensity distributions, with and without adaptive weighting of parameters β1 and β2 ). . . . . . . 126
6.5 Test image composed of five different regions (a). Selected
regions for the estimation of the parameters of the Gaussian mixtures (b). . . . . . . . . . . . . . . . . . . . . . . . . 127

6.6 Initial, intermediate and final segmentation results for a
given test image using Kmax = 2 (upper row) and Kmax =
5 (lower row). . . . . . . . . . . . . . . . . . . . . . . . . . . 128
7.1 (a) Sample hand radiograph; (b) Histogram of the image;
(c) Histogram of the image, after removing the background;
(d) Selected regions inside and outside bones; (e) Histograms corresponding to the selected regions. . . . . . . .
7.2 Division of the hand radiograph into three different regions
of influence: phalanges, metacarpals and radius/ulna. . . .
7.3 General workflow of the hand bones segmentation method.
7.4 Automatic method for the location of the training points in
the radiograph. . . . . . . . . . . . . . . . . . . . . . . . . .
7.5 Training regions for a sample radiograph: (a) Original image; (b) All training regions; (c),(d),(e) Training regions for
the phalangeal, metacarpal and radius/ulna region of influence, respectively. . . . . . . . . . . . . . . . . . . . . . . .
7.6 Initial, intermediate and final contour for the segmentation
of bones on the sample radiograph. . . . . . . . . . . . . .
7.7 (a) Training regions including some manually placed points
around the carpal bones; (b) Segmentation results using
the training regions shown in (a). . . . . . . . . . . . . . . .
7.8 Several details of the segmenting contours for a hand radiograph. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
7.9 Segmentation results on two hand radiographs. . . . . . . .
7.10 Segmentation detail in the border between two different regions of influence. . . . . . . . . . . . . . . . . . . . . . . .

134
135
135
138

139
140
141
142
142
145

Dimensions of the 3D+T data volumes. . . . . . . . . . . . 149
General workflow of the endocardium segmentation method. 150
Complete set of 14 slices for time instant t = 1. . . . . . . . 151
Training regions for slice with p = 4, t = 1. . . . . . . . . . . 152
Analysis of the estimated intensity PDFs for slices p =
5, . . . , 12, and fixed t = 1. . . . . . . . . . . . . . . . . . . . 153
8.6 Analysis of the estimated intensity PDFs for slice p = 5,
and time instants t = 1, . . . , 20. . . . . . . . . . . . . . . . . 154
8.7 Segmenting contours for the slices of interest at time instants t = 1(a), t = 4(b), t = 11(c) and t = 20 (d). . . . . . . 157
8.1
8.2
8.3
8.4
8.5

8.8 Segmenting contours positioned in a 3D volume (a); replicated contours for all slices of the 3D volume (b); 3D surface obtained by replicating the obtained segmenting contours (c); 3D surface obtained by linear interpolation between the segmenting contours (d). . . . . . . . . . . . . . 159
8.9 Reconstructed segmenting surface for the endocardium at
time instant t = 1, after interpolation and regularization. . . 160
8.10 Time sequence, for a complete cardiac cycle, of 3D segmented surfaces for the endocardium. . . . . . . . . . . . . 161
9.1 Fractional anisotropy and color coding of the main tensor
orientation of a sagittal slice (a),(b); coronal slice (c), (d);
axial slice (e), (f). . . . . . . . . . . . . . . . . . . . . . . . .
9.2 3D representation of the color-coded slices shown in Figure 9.1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
9.3 (a) Delineation of the initial contour for the mid-sagittal slice;
(b) Initial level set; (c) Initial level set superimposed over
axial, coronal and sagittal slices. . . . . . . . . . . . . . . .
9.4 Initial contour and different stages of the evolving level set
for a sample DT-MRI volume. . . . . . . . . . . . . . . . . .
9.5 Different perspectives of the segmented corpus callosum. .
9.6 Different views of a 3D composition of the corpus callosum,
white matter and head surfaces. . . . . . . . . . . . . . . .
9.7 3D composition of the corpus callosum, white matter and
head surfaces. . . . . . . . . . . . . . . . . . . . . . . . . .
9.8 Segmentation results for the corpus callosum of the volumes belonging to group WR. . . . . . . . . . . . . . . . . .
9.9 Segmentation results for the corpus callosum of the volumes belonging to group MR. . . . . . . . . . . . . . . . . .
9.10 Segmentation results for the corpus callosum of the volumes belonging to group WL. . . . . . . . . . . . . . . . . .
9.11 Segmentation results for the corpus callosum of the volumes belonging to group ML. . . . . . . . . . . . . . . . . .
9.12 Segmentation results, for a sample volume, using MoGoFA
(a); SMoGoT, Kmax = 5 (b); SMoGoT, Kmax = 1 (c);
MoGoT, Kmax = 1 (d); MoGoT, Kmax = 5 (e). . . . . . . .

168
169
170
171
172
173
174
174
175
175
175
177

List of Tables

4.1 AUC comparison for
for gray images. . . .
4.2 AUC comparison for
for colour images. .

the different segmentation methods
. . . . . . . . . . . . . . . . . . . . . . 77
the different segmentation methods
. . . . . . . . . . . . . . . . . . . . . . 78

5.1 AUC comparison for
for gray images. . . .
5.2 AUC comparison for
for colour images. .

the different segmentation methods
. . . . . . . . . . . . . . . . . . . . . . 94
the different segmentation methods
. . . . . . . . . . . . . . . . . . . . . . 94

6.1 Squared distances and their gradient for T̄ and Ti . . . . . .
6.2 Summary of ML estimation for scalar, vector and tensor
Gaussian distributions. . . . . . . . . . . . . . . . . . . . . .
6.3 Summary of the EM algorithm for mixtures of Gaussians
on vectors and tensors. . . . . . . . . . . . . . . . . . . . .
6.4 Summary of the EM algorithm for mixtures of Gaussians
on vectors and tensors. . . . . . . . . . . . . . . . . . . . .
6.5 AUC comparison for the different supervised segmentation
methods. . . . . . . . . . . . . . . . . . . . . . . . . . . . .

102

9.1
9.2
9.3
9.4
9.5

179
179
180
180

Lateralization parameters obtained for Group WR. . . . . .
Lateralization parameters obtained for Group MR. . . . . .
Lateralization parameters obtained for Group WL. . . . . .
Lateralization parameters obtained for Group ML. . . . . . .
Mean values and standard deviations for the lateralization
parameters obtained for all groups. . . . . . . . . . . . . . .

xix

111
117
123
125

181

1
Introduction

1.1

Motivation

Computer vision algorithms pursue to infer knowledge from images. Image segmentation, defined as the separation of the image into regions
that are meaningful for a specific task, is one of the major issues in computer vision, as it is often a prior —and even a key— step for many useful
applications. In the field of medical image analysis, the segmentation of
anatomical structures is an important stage for end-applications aimed at
diagnosis aid and surgical planning, among others.
A very wide variety of segmentation techniques have been proposed
(general introductions can be found in [97, 199]), but no single segmentation method can draw satisfactory results for all imaging applications.
The goal of the segmentation and the suitability of a specific technique
varies according to the type of the image data, imaging conditions and
the specificities of the regions that are to be extracted.
Generally speaking, the segmentation process usually relies on the
extraction of suitable features from the image that have high discriminative power. For many types of images, intensity or colour and oriented
textures are two key features to describe the image characteristics. This
thesis explores the combined use of both features for image segmentation.
The representation of textures for image segmentation or classification is a complex and open issue for which many approaches have been
proposed. Traditionally, most of them have been based on the use of
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Markov Random Fields (MRF) [57, 140, 132] or Gabor filters [35, 166].
Having these methods limitations such as the number of feature channels they provide or their dependence on multiple parameters, an alternative approach that has recently gained considerable interest is the Local
Structure Tensor (LST) [98, 29, 77], a suitable tool for the representation of oriented textures. If the LST is estimated from the image gradient,
a Gaussian filtering is typically applied that can cause problems related
to the dislocation of edges. The use of nonlinear diffusion overcomes
this drawback by means of the Nonlinear Local Structure Tensor (NLST)
[41, 43].

Once the relevant image features have been extracted, a segmentation technique must be applied. The use of low-level segmentation
methods is, in general, not appropriate for complex problems as it is
the case in medical image analysis. In these scenarios, active contour models are frequently employed due to their robustness and capacity to incorporate different kinds of information, besides the possibility of including prior knowledge available from the problem domain,
such as shape prior knowledge, for instance. Parametric active contours or snakes [110, 53, 230] have important limitations relative to the
influence of the contour parametrization on the segmentation, their inability to deal with topological changes, or the difficulty in their limitation to
more than two dimensions. The use of geometric active contours or level
sets, based on the implicit representation of the contours by means of a
signed distance to the contour [156, 139, 66, 67] solves these limitations
in an elegant manner. Although the use of level sets for the representation of moving interfaces implies an important increase in the computational burden of the segmentation, efficient and stable numerical schemes
that minimize this impact have been reported [2]. Furthermore, the level
set framework for image segmentation greatly eases the formulation of
region-based approaches. In this direction, various general schemes for
region-oriented segmentation have been proposed, such as those based
on the Mumford-Shah functional [50, 51, 52, 207] or those derived from
the Geodesic Active Regions (GAR) model [165, 193, 194, 166].

The combination of intensity and texture (LST) features has improved
segmentation performance [191, 192]. However, the combination of tensor and scalar magnitudes into a single formulation is a difficult problem
that needs to be appropriately dealt with. In [191, 192], the use of a fea-
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ture vector consisting of the original image together with the free NLST
components was proposed. The segmentation was carried out following
the GAR model over this feature vector, assuming Gaussian distributions.
This approach, which obtained promising results, pioneered the incorporation of the intensity information to the segmentation process together
with the texture information from the NLST. However, the representation
of the information that was employed is, in our opinion, not fully adequate
since the benefits of using the LST for the representation of textures are
partially lost because of the vector processing of the tensor information. A
full tensor processing of this information should be preferred, which leads
to a unified concept of segmentation of tensor fields, regardless of the
scalar, vector or tensor nature of the original data.

Even though the literature about the tensor processing of the LST
is scarce, the processing of tensor signals coming from the relatively
new Diffusion-Tensor Magnetic Resonance Imaging (DT-MRI) modality
has given rise to a wide interest on tensor data processing. In the last
few years, several schemes for the segmentation of tensor data have
been proposed with an increasing complexity. Initially, scalar diffusivity
or anisotropy measures were applied to the filtering, classification, visualization and segmentation of the diffusion tensor [181, 213, 25, 225, 234].
More recently, similarity measures between tensors were introduced for
the segmentation of anatomical structures from DT-MRI. The use of the
Kullback-Leibler and the geodesic distances within a GAR model has
been specially relevant [216, 121]. Finally, it is worth mentioning the recent definition of Gaussian probability density functions on tensor data
[122, 123, 126], which has led to the extension of Bayesian GAR segmentation methods to the case of tensor data.

Based on the general background that has just been described, this
thesis focuses on the derivation of level set segmentation methods that
are based on the combined use of the intensity and LST texture information. Additionally, the problem of the adaptive weighting of both sources
of information for each image will also be studied.
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1.1.1

Combined use of the intensity and LST
for segmentation

The combined use of the intensity and the LST representation of textures
for image segmentation entails two main difficulties. First, as the intensity
is a scalar magnitude (or vector, in the case of a colour image), and the
LST is a second order tensor which is represented by means of a symmetric matrix, the derivation of a unique formulation that comprises both
magnitudes is desirable, but not straightforward. Second, the relative importance of the intensity and the texture greatly depends on the particular
characteristics of each image. This fact suggests that an adequate ponderation of both elements during the segmentation process can yield an
important improvement in the results, specially from a robustness point of
view.
With regard to the first issue, two alternatives will be explored in this
thesis. One of them relies on the definition of extended variants of the LST
that incorporate intensity information, so that the segmentation remains
in the tensor domain. The second alternative is based on the scalar (or
vector) processing of the intensity together with the tensor processing of
the LST, both under a common formulation of the segmentation as the
minimization of an energy functional consistent with these two pieces of
information.
The second issue, that is, the balance of the intensity and the LST
terms for the segmentation, is related to the texture-structure decomposition of images. This issue has received attention in the literature [86, 20],
specially for denoising purposes. Image decomposition is frequently performed via an energy minimization process; this kind of decomposition
does need an initial guess of the splitting parameter between the geometrical and textural components. However, the application of the obtained
decomposition to image segmentation is not clear and in any case beyond the scope of this thesis. Other efforts on measuring the discriminative power of the different channels can be found [46, 195]. Nevertheless,
in both cases it is needed that the different image channels are all commensurate, which is not our case, since we deal with scalar and tensor
magnitudes. Therefore, this problem will be addressed from the perspective of the use of adequate measures of the discrimination power for each
type of magnitude. Using these measures, the usefulness of each magni-
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tude for the segmentation can be compared to define an adaptive weight
to be used along the segmentation process.

1.1.2

Segmentation of tensor fields

The segmentation of tensor-valued images is a relatively recent research
topic, whose evolution has been driven mainly by DT-MRI. This medical imaging modality is based on the conventional Magnetic Resonance
Imaging (MRI) principle and provides, for each voxel, a second order tensor that represents the anisotropy properties of the diffusion of the water
molecules in the biological tissues [30, 22]. This technique has proved
to be specially useful for applications in Neurology and Neurosurgery
(reviews of the state of the art of DT-MRI applications can be found in
[202, 96]).
The segmentation of relevant anatomical structures, such as the corpus callosum or the thalamus nuclei, has been the main goal of the research dedicated to the segmentation of tensor data. The most recent
approaches make use of adequate tensor dissimilarity measures and employ high level segmentation techniques that allow, for instance, the statistical modeling of the data. However, certain limitations are still present.
This thesis, specifically, will be a step beyond the Gaussian approximation employed for the probability distribution of tensor data proposed in
[126, 123, 122], by means of a Gaussian mixture model.

1.2

Applications to medical image analysis

The application domain of this dissertation is the medical imaging field.
The challenges that the new medical imaging modalities have brought to
the computer vision discipline have turned medical image processing into
a very active field.
Among the different purposes of importance that can be considered
for medical image analysis, such as minimal invasive diagnosis or surgical planning, for instance, two basic mainstreams can be encountered:
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segmentation and registration. Thus, providing tools that allow accurate
and reliable segmentation and registration results have attracted the attention of the medical imaging community along the years.
In this dissertation, we consider three different medical imaging applications, which are based on different imaging modalities that provide
datasets with different dimensionality as well. These applications are the
following:
• The segmentation of bone contours from hand radiographs. This
application is related to the problem of the automatic determination
of the skeletal age in children [89, 205, 173, 3], for which the segmentation of the structures of interest is a crucial first step.
• The segmentation of the endocardium of the left ventricle from 3D+T
MRI images. The segmentation of this anatomical structure is necessary for a posterior functional analysis of the cardiac activity [79,
196, 229].
• The segmentation and analysis of the corpus callosum from DT-MRI
images [234, 216, 122, 106, 105]. This application does not deal
with the combined use of the texture and intensity information for
segmentation, as the two above, but with the segmentation of tensor
fields using the Gaussian mixture model that will be proposed in this
thesis.

1.3

Outline of this Thesis

This dissertation is organized in three major parts. The first part serves
as an introduction to the different elements of the theoretical background
on which all the subsequent work is grounded. The second part is the
theoretical corpus of this thesis, and presents the main contributions related to the combination of intensity and texture for segmentation, and
the segmentation of tensor fields. The third part represents the application to medical image analysis and, specifically, the three segmentation
problems just described. The content of the chapters is as follows:
• The first chapter is the current introduction.
• Part I. Background and State of the Art
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 The second chapter introduces the level set formulation for image segmentation, and reviews the main contributions in the
literature that constitute the state of the art in this field, with
a particular focus on region-based segmentation methods and
the GAR model on which the segmentation approaches that
will be presented in this thesis are based.

 The third chapter is related to the use of tensor magnitudes
for image processing. The concept of tensor is introduced and
defined, and then the LST and the diffusion tensor are studied
in detail as they are central elements of this thesis. To conclude
the chapter, the state of the art related to the segmentation of
tensor fields is reviewed and analyzed.
• Part II. Multidimensional Image and Tensor Field Segmentation

 The fourth chapter is devoted to the combined use of the intensity and texture information for image segmentation from
the perspective of the introduction of extended LST architectures incorporating intensity information. The performance of
the proposed approaches is tested on synthetic datasets and
compared to other related and relevant methods in the literature.

 The fifth chapter also focuses on the common use of texture
and intensity for segmentation, but from a different perspective.
Specifically, the chapter describes a common energy formulation based on the GAR model, and the model accommodates
both the scalar or vector and the tensor magnitudes respecting their representation forms and allowing the use of adequate
dissimilarity measures for each. Again, extensive experiments
are carried out in order to assess the performance of the methods.

 The sixth chapter introduces a statistical modeling of tensor
data by means of a mixture of Gaussians. The maximum likelihood estimation of the corresponding parameters of the mixture will be also studied. The proposed model allows for a
refinement of the segmentation method presented in the chapter before, and it also constitutes a stand-alone approach for
the segmentation of tensor fields. This technique is the basis
for the segmentation algorithm that will be applied in the third
part of the thesis.
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• Part III. Medical Image Applications

 The seventh chapter addresses the problem of the segmentation of bones from hand radiographs. An automatic procedure is designed to make use of prior anatomical knowledge
to locate salient points within the radiograph. These points will
serve as training data for the subsequent segmentation process.

 The eighth chapter is devoted to the segmentation of the endocardium from MRI images. For a 3D+T dataset, the segmentation is performed on 2D slices and afterwards the resulting 3D
time sequence is reconstructed.

 The ninth chapter is dedicated to the segmentation of the corpus callosum from DT-MRI volume datasets. As an example
of the potential uses of the segmentation of anatomical brain
structures, an analysis of the volume of the corpus callosum is
carried out in different classes of patients, aimed at determining prospective differences.

• The tenth and final chapter summarizes the conclusions of this thesis, enumerates its contributions and proposes a number of future
work directions.
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1.4

Glossary

ACLST
ACWE
ADC
AMoGIT
AUC
CLST
CT
DSI
DT-MRI
DTI
DWI
ELST
EM
FA
GAR
KL
LST
LS
LV
MCD
ML
MLE
MoGoFA
MoGoT
MS
NLST
MRF
MRI
NTSP
PASMRI
PCA
PDF
PSD
RA
SMoGoT
TLE

Adaptive Compact Local Structure Tensor
Active Contours without Edges
Apparent Diffusion Coefficients
Adaptive Mixture of Gaussians on Intensity and Tensors
Area Under the Curve
Compact Local Structure Tensor
Computerized Tomography
Diffusion Spectrum Imaging
Diffusion-Tensor Magnetic Resonance Imaging
Diffusion Tensor Imaging
Diffusion Weighted Imaging
Local Extended Structure Tensor
Expectation-Maximization
Fractional Anisotropy
Geodesic Active Regions
Kullback-Leibler
Local Structure Tensor
Least Squares
Left Ventricle
Malformations in Cortical Development
Maximum Likelihood
Maximum Likelihood Estimation
Mixtures of Gaussians on Fractional Anisotropy
Mixture of Gaussians on Tensors
Multiple Sclerosis
Nonlinear Local Structure Tensor
Markov Random Fields
Magnetic Resonance Imaging
Normalized Tensor Scalar Product
Persistent Angular Structure MRI
Principal Component Analysis
Probability Density Function
Positive Semidefinite
Relative Anisotropy
Supervised Mixtures of Gaussians on Tensors
Temporal Lobe Epilepsy

9

New Insigths on Multidimensional Image and Tensor Field Segmentation

10

2
Level Sets for Image
Segmentation
2.1

Introduction

Employing curve evolutions for image segmentation was first proposed by
Kass et al. with the introduction of the snakes or parametric active contours [110]. Starting from an initial curve, the snake evolves to perform
the segmentation by delineating the borders of the structures of interest.
Usually, the evolution of the curve is given by a variational formulation that
tries to minimize an energy functional where a priori information can be
incorporated. Most times, continuity and smoothness are imposed so that
the segmentation result is much more robust to noise and other spurious
than low-level segmentation methods. However, the snake model relies
on a explicit parametrization of the contour, and therefore suffers from two
main drawbacks: first, the behaviour of the contour depends strongly on
the parametrization. Second, the topology of the contour must be known
in advance, and cannot change through the snake evolution. This drawback was overcome with the introduction of the level set representation
for evolving fronts [66, 156]. Using this approach, in addition, allows the
easy approximation of the geometric properties of the curve, and efficient
and reliable numerical schemes have been developed.
After the pioneering work by Malladi et al. [139], numerous approaches
have been undertaken within a level set framework for the segmentation
of images. The Geodesic Active Contour model [47, 114] elegantly formulates the segmentation as an energy minimization problem where the
contour is found as the geodesic curve in a Riemannian space whose
metric is induced by the image features.
Since boundary-based segmentation methods, such as Geodesic Ac-
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tive Contours, are very local in nature and therefore present some intrinsic
limitations, several level set segmentation methods appeared in the literature that rely on the properties of the regions in the image to perform
the segmentation. Methods based on the Mumford-Shah functional [148]
and on the Geodesic Active Regions model [165] have gained much relevance and been successfully applied in different image segmentation
problems, including medical applications.
In this chapter, we briefly give an insight of the foundations of the snake
model in order to later introduce the concept of level set representation
of evolving contours, a central idea in this thesis. The main contributions
in the use of level set-based algorithms for image segmentation are then
reviewed, dedicating special attention to the region-based approaches
and the Geodesic Active Regions model, from which the original segmentation methods that will be presented later on in this dissertation are
derived.

2.2

Snakes

The snake model was initially formulated, as an energy minimization problem, by Kass et al. in their seminal work [110]. Let I : Ω ∈ R2 → R be a
scalar image. Then, the parametrized curve is C(p) : [0, 1] → Ω, and the
energy functional is defined as
Z
E(C) =
0

1

α|C 0 (p)|dp +

Z

1

β|C 00 (p)|dp − λ

0

Z

1

|∇I(C(p))|dp

(2.1)

0

The first two terms are considered the internal forces of the snake, and
represent the rigidity and the elasticity of the curve, respectively. The third
term is the image energy term, and is designed to reach a minimum at
the edges present in the image, thus attracting the curve towards these
salient features. This model was not designed to solve the problem of automatically finding the prominent contours in an image, but rather to refine
the segmentation obtained by user interaction or a low level segmentation method. Starting from the initial contour, the snake evolves towards a
local minimum of the energy term in Eq. 2.1. Being so, the classic snake
model has serious limitations, and numerous extensions were proposed
in the literature.
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In his work, Cohen [53] extended the snake model in order to address
two main limitations of the initial model. First, the curve will not be attracted by and edge if it is not close enough to it. Second, if the curve is
not submitted by any image force, it shrinks on itself. In order to overcome
these drawbacks, Cohen proposed to modify the image force by adding
an inflating (balloon) force that is normal to the curve at every point. Later,
Xu and Prince proposed the GVF (Gradient Vector Flow) snakes, where
the diffusion of the gradient is computed in order to increase the capture
range of the image forces [230].
Apart from the energy formulation, another important issue in segmentation with snakes is the minimization process, because it is very dependent on the parametrization of the curve. Different types of basis functions have been proposed to solve this, being B-splines the most popular
[58]. Topology changes, which cannot be performed by the classic snake
model, have also been introduced [143], although they cannot be handled
naturally.
Following a completely different approach from parametric contours,
Osher and Sethian introduced the level set representation for evolving
fronts [156]. This approach naturally overcomes the limitations of snakes
regarding contour parametrization and changes in topology, at the cost of
a higher computational expense. However, efficient and reliable numerical schemes have been developed, and level sets have almost become
the standard way of representing evolving contours, except for real-time
applications where snakes are still preferred.

2.3

Level set representation for front
evolution

The level set representation for evolving fronts was introduced by Osher
and Sethian [156], although the underlying idea was already present in
the previous work by Dervieux and Thomasset [66, 67]. The basic idea of
the level set representation is to consider the moving interface as the zero
level of an embedding function φ defined on the image domain Ω ∈ Rd .
The evolving interface C : [0, 1]d × R+ → Rd is expressed as the signed
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Figure 2.1:

Level set principle for a curve in 2D. The curve is represented by
the zero level set of the distance function φ.

distance function φ : Ω × R+ → R defined as follows:

x ∈ C(t)
 0,
−D(x, C(t)), x ∈ Cin (t)
φ(x, t) =

D(x, C(t)),
x ∈ Cout (t)

(2.2)

where D(x, C(t)) is the Euclidean distance from point x to the contour
C(t). The level set principle is graphically described in Figure 2.1.
Several important consequences follow from this representation of the
evolving contour:
• The contour is implicitly represented, so care does not need to be
taken about parametrization, greatly simplifying the formulation of
the evolution of the level set.
• Topology changes of the segmenting contour are naturally handled
with level sets, as the embedding function φ does not change its
topology when the contour splits or merges. In Figure 2.2 an ex-
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ample can be seen of the evolution of a segmenting level set. The
topology of the curve changes, but the level set representation naturally deals with it.
• The level set formulation can be directly applied in any number of
dimensions. Thus, it is appropriate for the segmentation of contours in two-dimensional images, surfaces in 3D volumes, or even
hypersurfaces of higher dimension.
• Geometric properties of the interface can be easily expressed in
terms of its implicit representation, the level set function φ. Particularly:

 The inward unit normal vector to the contour C is N =

∇φ
|∇φ| .

 The mean curvature
of the contour in any point is given by

κM = ∇ ·

∇φ
|∇φ|

.

Using these geometric properties, it is now possible to describe the
evolution of a contour moving with a speed F , normal to the contour. For
each point belonging to the contour, x(t) ∈ C:
(
∂x(t)
∇φ(x(t))
∂t = F (x(t))N = F (x(t)) |∇φ(x(t))|
(2.3)
φ(x(t), t) = 0
If we apply the chain rule to the second relation, we obtain
∂x(t)
∂φ(x(t), t)
+ ∇φ(x(t))
=0
∂t
∂t

(2.4)

Using the first relation in Eq. 2.3, the elementary equation of the evolution
of the level set φ with normal speed F is obtained 1 :
∂φ
+ F |∇φ| = 0
∂t

(2.5)

For most types of speed functions F , the equation above is of the form
of a Hamilton-Jacobi equation. Detailed theoretical analysis of this type
of equation has been performed in terms of existence and uniqueness of
solutions, as well as for the design of stable numerical schemes which
are based on the viscosity solutions [197].
φ

1 For the sake of readability, the functional dependencies of functions such as F or
are omitted whenever no ambiguity may arise.
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Figure 2.2:

(a)

(d)

(b)

(e)

(c)

(f)

Evolution of a level set function φ to perform the segmentation
of a 2D image. (a),(b),(c) Evolution of the level set; (d),(e),(f)
Evolution of the contour, given by the zero level of φ.

When evolving contours in their level set representation, in order to
avoid sharp corners and other phenomena that can cause numerical
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problems and to impose a certain regularity on the interfaces, motion
under curvature is usually employed in the level set propagation. For
the case of motion under mean curvature, the speed function simply becomes


∇φ
F = −κM = −∇ ·
(2.6)
|∇φ|
For level set evolution, mean curvature and Gaussian curvature are mostly
used2 . They are both defined from the principal curvatures. A cylinder, for
example, has a (radially defined) maximum principal curvature κ1 = 1/R
and the (axially defined) minimum principal curvature κ2 = 0. The Gaussian curvature is obtained from the principal curvatures as
κG = κ1 κ2 · · · κN

(2.7)

and the mean curvature is defined as
κM =

κ1 + κ2 + · · · + κN
N

(2.8)

Although occasionally some of the principal curvatures may be preferred
for level set evolution in order to maintain a tubular structure (see [106,
104] for instance), the mean and Gaussian curvatures are employed most
of the times. For a 2D curve, the mean curvature is computed in terms of
the spatial derivatives of the level set function φ:
κM = ∇ ·

φxx φ2y − 2φx φy φxy + φyy φ2x
∇φ
=
|∇φ|
(φ2x + φ2y )1/2

(2.9)

For a 3D surface, the expression becomes much longer, but it is still feasible to implement:


(φyy + φzz )φ2x + (φxx + φzz )φ2y + (φxx + φyy )φ2z
−2φx φy φxy − 2φx φz φxz − 2φy φz φyz
κM =
(2.10)
(φ2x + φ2y + φ2z )3/2
Starting from Eq. 2.5, and using curvature dependent speed functions,
level set evolution has been applied for image segmentation. In [139],
Malladi et al. applied a speed term that, following the idea of the snake
model, makes the level set evolve with a constant (balloon) speed until it
is stopped when edges are found.
2 These and other related concepts from dierential geometry are introduced and
explained in further detail in Appendix A
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2.4

Geodesic active contours

After the pioneering work by Malladi et al. [139], a novel approach for
the segmentation of images within a level set framework was proposed,
simultaneously, by Caselles et al. [47] and Kichenassamy et al. [114].
Their approach, called Geodesic Active Contours (GAC) is based on a
variational formulation of the segmentation problem, where the desired
contour is defined as the minimizer of an energy functional. For the GAC
model, the energy functional is related to the concept of geodesic.
A geodesic is a locally length-minimizing curve or, equivalently, the
path that a particle that is not accelerating would follow between two
points [155](see Appendix A for deeper details). In Euclidean space, the
shortest path between two points is a straight line. However, this is not
true for the general case, where the shortest path is defined by the geometry of the manifold. Aircrafts and ships, for instance, follow, when
currents and winds are not a significant factor, routes given by great circles. Great circles are sections of a sphere that contain a diameter of the
sphere. Sections of a sphere that do not contain a diameter are called
small circles. Great circles are geodesics of a sphere, and a curve following this path minimizes the total length. Examples of such geodesic
paths can be seen in Figure 2.3.
The concept of geodesic as a length minimizing curve or, equivalently,

(a)
Figure 2.3:

(b)

Two examples of great circles as geodesics in a sphere, that is,
length minimizing paths between two points.

as an energy minimizing curve can also be used to find the edges in an
image. The length of a parametrized contour C(p) : [0, 1] → Ω in a 2D
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Euclidean space is
Z

1

L(C) =
0

∂C(p)
dp =
∂p

L

Z

ds

(2.11)

0

where ds is the Euclidean arc-length. In presence of a non-Euclidean
metric, the length functional is altered to introduce the metric, g(). The
image can be regarded as a Riemannian space, where the metric is induced by the image characteristics. Then, the length functional becomes:
Z
Lg (C) =

Lg

Z

Lg

dsg =
0

Z
g()ds =

0

0

1

∂C
g()dp
∂p

(2.12)

In order for the segmenting curve to find the edges in the image, the
1
metric g() is designed to be an edge detector, as g(|∇I|) = 1+|∇I|
, for
instance. Then, the segmentation problem is redefined as the one of
finding geodesic of minimal length in a Riemannian space by minimizing
the functional in Eq. 2.12. It was nicely shown in [47, 114] that this
functional can be minimized using the level set evolution equation:



∇φ(x)
∂φ(x)
= g(|∇I(x)|)|∇φ(x)| ∇ ·
+ ∇g(|∇I(x)|) · ∇φ(x)
∂t
|∇φ(x)|

(2.13)

This is the level set evolution equation for the GAC model. In the equation,
the first term of the level set evolution is a curvature driven flow affected
by the edge detector, whereas the second term acts as an edge attraction term. It was shown that this approach is equivalent, under a different
minimization framework, to the classical snake model [47, 17].

Although a balloon force can be added in Eq. 2.12 in order to drive
the evolution of the level set through homogeneous regions, or refinements have been proposed aiming at increasing the capture range of the
attraction to the edges, these boundary-oriented segmentation methods
are still very local in nature, as the segmentation will converge to the
closest contours, and leaking problems caused by discontinuities in the
boundaries are difficult to solve. Furthermore, it is very sensitive to local
minima. As a solution to these drawbacks, the segmentation problem can
be redefined in terms of region properties instead of boundary properties
of the image.
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2.5

Region-based level sets

In this section, we present two main families of region-based segmentation approaches using level sets. The first group is based on the minimization of the Mumford-Shah functional [148] or its variants. The second group follows a Bayesian formulation, and includes the well-known
Geodesic Active Regions model.

2.5.1

The Mumford-Shah functional

The Mumford-Shah functional is based on the assumption that an image
can be approximated by a piece-wise smooth image (also known as the
weak membrane model [148, 32]). Obtaining this representation u of the
image I can be done via the minimization of the following energy, known
as the Mumford-Shah functional:
Z
Z
2
E(u, C) =
|u(x) − I(x)| dx + µ
|∇u(x)|2 dx + ν|C|
(2.14)
Ω

Ω\C

where Ω is the image domain and C is the boundary between the different smooth regions in the image. The first term in the equation tries to
minimize the difference between the actual image and the model u. The
second term encourages the smoothness of the model everywhere except in the boundaries, and the last one penalizes the boundary length,
thus enforcing these contours to be smooth too.

Active Contours without Edges
Inspired by the Mumford-Shah functional, Chan & Vese considered, for
their Active Contours without Edges (ACWE) model, a related functional
for segmentation purposes [51, 50]. Instead of considering the image
model u a general function, they considered the minimal partition problem, that is, the Mumford-Shah functional if the assumption is made that
the image is not only piece-wise smooth, but piece-wise constant [149].
In this case, the energy functional becomes:
E(u, C) =

N Z
X
i=1

|ci − I(x)|2 dx + ν|C|

Ωi
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where the image is divided into N partitions {Ωi , i = 1, . . . , N }, and for
each of them the model is u(x) = ci . As was pointed in [149], the constant
values ci turn out to be the average of u(x) on each connected component. If the boundaries C are represented implicitly using a combination
of level set functions, the energy functional can be rewritten. For the
simplest case, the segmentation in two classes, the contour to be determined, C is replaced by the level set function φ, that implicitly represents
the contour. We need to use the Heaviside3 and Dirac functions, defined,
respectively, by

1, if z ≥ 0
H(z) =
(2.16)
0, if z < 0
d
H(z)
(2.17)
dz
The Heaviside and Dirac functions can be used to measure the length of
a contour represented by a level set function, as well as to calculate the
area of the regions delimited by this contour:
Z
Area{φ ≥ 0} =
H(φ(x))dx
(2.18)
δ(z) =

Ω

Z

Z
|∇H(φ(x))|dx =

Length{φ = 0} =
Ω

δ(φ(x))|∇φ(x)|dx

(2.19)

Ω

Using the level set representation, the energy functional can thus be
rewritten as:
Z
Z
2
E (c1 , c2 , φ) =
|c1 − I(x)| dx +
|c2 − I(x)|2 dx + ν|C|
Ω1
Ω2
Z
Z
2
=
|c1 − I(x)| H(φ(x))dx +
|c2 − I(x)|2 (1 − H(φ(x)))dx
Ω
Ω
Z
+ ν
|∇H(φ(x))|dx
(2.20)
Ω

As can be seen, the use of the Heaviside function allows the implicit distinction between Ω1 and Ω2 while the integral is performed over the whole
domain Ω.
In order to perform the segmentation, the energy functional must be
minimized with respect to the constants c1 and c2 and to the level set
3 The

Heaviside function is also known, in other areas, as step function.
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function φ. This is done following the two-step Expectation-Maximization
(EM) technique [65, 185]. First, the level set function φ is fixed, and the
energy is minimized with respect to c1 and c2 . It is straightforward to see
that these constants are the average values of the image in regions Ω1
and Ω2 , respectively:
R
I(x)H(φ(x))
(2.21)
c1 (φ) = ΩR
H(φ(x))
Ω
R
I(x)(1 − H(φ(x)))
c2 (φ) = ΩR
(2.22)
(1 − H(φ(x)))
Ω
With regard to the minimization of the energy functional with respect to
the level set function φ, and in order to compute the associated EulerLagrange equation, regularized versions of the Dirac and Heaviside functions are considered, δ (φ(x)) and H (φ(x)), respectively. These are
smooth approximations to the original functions that are needed for implementation, for which the following are employed, as proposed in [51]
(see Figure 2.4):
1
1
δ (z) =
(2.23)

π 1 + z 2


 z 
1
2
H (z) =
(2.24)
1 + arctan
2
π
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Regularized versions of the Dirac and Heaviside functions.
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Then, the resulting level set evolution equation is:




∂φ(x)
∇φ(x)
= δ (φ(x)) ν∇ ·
− |c1 − I(x)|2 + |c2 − I(x)|2
∂t
|∇φ(x)|

(2.25)

The ACWE model can successfully segment scalar images that fulfill
the piece-wise constant model employed. A extension to this model for
vector-valued images was presented in [203]4 , and the general case of N
regions was studied in [214].

Level set implementation of the Mumford-Shah functional
The main drawback of the segmentation model by Chan & Vese is its
limitation to piece-wise constant images. This makes this method unsuitable for many real-life images, as well as for textured ones. Nevertheless,
this approach has been the starting point and inspiration for numerous
segmentation methods in the literature. In [52] and [207], the extension
of the ACWE model to the more general piece-wise smooth model was
proposed, thus returning to the Mumford-Shah functional from where the
previous approach came.
Using the level set implicit representation of the contour C, and with the
aid of the (regularized) Heaviside and Dirac delta functions, the MumfordShah functional can be written as
Z
E (u1 , u2 , φ) =
|u1 (x) − I(x)|2 H (φ(x)) dx
Ω
Z
Z
2
+
|u2 (x) − I(x)| (1 − H (φ(x))) dx + µ
|∇u1 (x)|H (φ(x)) dx
Ω
Ω
Z
Z
+ µ
|∇u2 (x)|(1 − H (φ(x)))dx + ν
|∇H (φ(x)) |dx
(2.26)
Ω

Ω

The functional needs to be minimized with respect to u1 (x), u2 (x) and
4 Quite curiously, the journal paper by Chan & Vese about the vector extension of the
ACWE model [203] was published earlier than the initial journal paper [51], although
received later for publication, in dierent journals.
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φ(x). The following set of coupled equations was obtained in [52, 207]:

1 (x)
u1 (x) = I(x) + µ∆u1 (x) on {φ(x) > 0}, ∂u∂N
= 0 on {φ(x) = 0}



 u (x) = I(x) + µ∆u (x) on {φ(x) < 0}, ∂u2 (x) = 0 on {φ(x) = 0}
2
∂N
h 2 

∂φ(x)
∇φ(x)

=
δ
(φ(x))
ν∇
·
−
|u
(x)
−
I(x)|2 + |u2 (x) − I(x)|2

1

∂t
|∇φ(x)|



2
2
−µ|∇u1 (x)| + µ|∇u2 (x)|

(2.27)

Applying these equations not only allows for the segmentation of the image, but also restores it at the same time. Therefore, this level set implementation of the Mumford-Shah functional is a segmentation-restoration
algorithm. As the image models u1 and u2 are not constant as it was the
case for the ACWE, unconnected regions may have different properties
while being generated by the same model ui . Therefore, we only need as
many level sets so as to be able to represent all possible disconnected
regions. The Four Color Theorem [48, 11, 228] states that the regions
of any simple planar map can be coloured with only four colors, in such
a way that any two regions have different colors5 . This theorem was applied in [52] to show that only two coupled level sets permit to extend this
segmentation method to an arbitrary number of regions, as two coupled
level sets can implicitly represent four different regions.

Probably, the most important drawback of the level set implementation of the Mumford-Shah is its limitation to piece-wise smooth images,
which in principle excludes textured images, for instance. Besides, the
complexity and balancing of the optimization process, in which the model
functions and the level set function need to be optimized iteratively, still
remain open issues. All in all, the work by Mumford and Shah has shown
to be of paramount importance, and it continues to be the basis of numerous approaches for image segmentation, restoration and regularization.

5 The conjecture of the Four Color Theorem was proposed in 1852 by F. Guthrie,
who noticed that only four colors were needed while trying to color the map of counties
of England. There were two failed attempts to prove the theorem and, in 1890, the
Five Color Theorem was successfully proved. It was not until 1976 that the Four Color
Theorem was prover by Appel, Haken and Koch using a computer, and the prove is not
accepted by all mathematicians because it is not possible to verify the proof analytically.
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2.5.2

Bayesian region-based models

The segmentation of an image can be regarded as the problem of finding
the optimal frame partition, Ω, or, equivalently, maximizing the a posteriori
frame partition. From a Bayesian point of view, given the observed image
I, the a posteriori frame partition can be expressed, using Bayes rule, as
[165]:
p(I|P (Ω))
p(P (Ω))
(2.28)
p(P (Ω)|I) =
p(I)
where p(I) is the probability of an image I among the space of all possible images and p(P (Ω)) is the probability of a partition P (Ω) among all
the possible partitions of the image domain. The term p(I|P (Ω)) is the
likelihood for the image I, given the partition P (Ω). If we assume that all
partitions are equally probable (p(P (Ω)) = 1/Z, where Z is the number of
possible partitions), then p(I) and p(P (Ω)) can be ignored, and therefore
we have:
p(P (Ω)|I) = p(I|P (Ω))
(2.29)
For the segmentation of images in two regions, P (Ω) = {Ω1 , Ω2 } is the
partition of the image domain Ω. If conditional independence is assumed,
and accepting Eq. 2.29, we have:
p(P (Ω)|I) = p(I|P (Ω1 ))p(I|P (Ω2 ))

(2.30)

and, for the general case of N classes,
N
Y

p(P (Ω)|I) =

p(I|P (Ωi ))

(2.31)

i=1

Finally, if the pixels within each region are conditionally independent, the
maximization of the a posteriori segmentation probability is equivalent
to the minimization of the obtained energy after applying the negative
logarithm:
E(Ωi , i = 1, . . . N ) = −

N Z
X
i=1

log p(I(x)|Ωi )dx

(2.32)

Ωi

This energy functional is the basis for several related works in the literature [165, 233, 40, 192]. Next, we concentrate on the Geodesic Active
Regions model, as it is the starting point for all the energy functionals
considered in this thesis.
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2.5.3

Geodesic Active Regions

The Geodesic Active Regions (GAR) framework was proposed by Paragios & Deriche as a general framework for image segmentation through
contour evolution [165]. It is based on a combination between the maximum a posteriori approach shown above (Eq. 2.32) and the GAC model
(Eq. 2.12). The overall energy functional is, for a two-region segmentation problem6 :
E(Ω) = −

N Z
X
i=1

Z
log p(I(x)|Ωi )dx + ν

Ωi

0

1

∂C
g()dp
∂p

(2.33)

As can be seen from the equation above, the GAR model is a very general framework. For the region-based term, intensity-based probabilities
are not the only way to determine the region probability, as will be shown
throughout this thesis. With regard to the boundary-based term, it is actually a generalization of that in the GAC model. In that work, function g()
was initially defined as a direct function of the image gradients, whereas
in the GAR model it can be a function of a predefined PDF of pixels to be
part of an edge, usually learnt from a set of edge detectors.
In order to implement the GAR model, one level set is employed to
represent each region. For the segmentation in two classes, the level set
evolution equation is the following:
 



∂φ(x)
∇φ(x)
= |∇φ(x)| ν g(|∇I(x)|) ∇ ·
∂t
|∇φ(x)|


∇φ(x)
p1 (I(x))
+ ∇g(|∇I(x)|) ·
− log
(2.34)
|∇φ(x)|
p2 (I(x))
In addition to the level set evolution equation, the probabilities pi (I(x))
must also be specified. At this point, the GAR model is extremely flexible,
and different approaches may be employed. In [164, 162], the histogram
6 The energy functional in the GAR model is dened for the general case of segmenting the image into N regions, and the segmentation is performed by the evolution
of coupled level set whose combination denes each region, with additional constraints
that avoid vacuum or overlapping between regions
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of the image is approximated using a mixture of Gaussians, where each
component represents a segmentation class. The number of components
is estimated together with the components’ parameters, and the segmentation is then performed using the estimated number of classes. The
probabilities pi (I(x)) are computed using those estimated parameters.

In [161, 163], the authors applied the GAR model to the supervised
segmentation of textures. During a learning off-line step, texture descriptors are extracted from a set of texture patterns using Gabor filters. The
filter responses are modeled using Gaussian mixtures, and the probabilities to be introduced in the level set evolution equation are obtained by
combining the probabilistic measures from the different filters, according
to their discrimination power.

The methods described so far are based on a two-step strategy consisting of modeling and segmentation. However, a dynamic approach
may also be followed, where the statistical parameters of the different
regions are estimated during the curve evolution, following the EM approach. This approach was followed in the early work by Zhu et al. [233]
and has also been adopted more recently in a level set framework for the
ACWE model [51] and many other GAR-based segmentation methods
[193, 192, 191, 190, 40, 125, 62].

For the EM approach to perform the segmentation within the GAR
framework, let us consider the simplest case of a two-class segmentation. The image is assumed to consist of two regions Ω1 and Ω2 , and
let us assume that each region can be approximated by a Gaussian PDF
[193, 191, 190]:


1
−(I(x) − µi )2
pi (I(x)) = p(I(x)|Ωi ) = p
exp
(2.35)
2σi2
2πσi2
Using this PDF, the energy functional in Eq. 2.33 can be rewritten, if we
drop the boundary term and consider the contour length as regularization
term:
Z
Z
E(Ω, µ1,2 , σ1,2 ) = −
log p(I(x)|Ω1 )dx −
log p(I(x)|Ω2 )dx + ν|C|
Ω1

Ω2
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 q
(I(x) − µ1 )2
2
=
2πσ1 +
dx
log
2σ12
Ω1




Z
q
(I(x) − µ2 )2
+
2πσ22 +
log
dx + ν|C| (2.36)
2σ22
Ω2
Z

Using the Heaviside function, the integrals can be extended to the whole
image domain:
 q


Z
(I(x) − µ1 )2
2
E(φ, µ1,2 , σ1,2 ) =
H (φ(x)) log
2πσ1 +
dx
2σ12
Ω
 q


Z
(I(x) − µ2 )2
+
(1 − H (φ(x))) log
2πσ22 +
dx
2σ22
Ω
+ ν|C|
(2.37)
Now, the EM method is applied in order to minimize this energy. For a
fixed φ, the statistical parameters are estimated, for which closed forms
can be employed:
R

R
I(x)dx
H (φ(x))I(x)dx
Ω1

ΩR 
R

µ
=
=
1

H (φ(x))dx
dx

Ω1
R

R Ω

I(x)dx

(1−H
 (φ(x)))I(x)dx
Ω
 µ = R2

= ΩR (1−H
2
dx
 (φ(x)))dx
Ω2

Ω

(I(x)−µ1 )2 dx
R
dx
Ω1
R
(I(x)−µ2 )2 dx
Ω2
R
dx
Ω

R



σ12 =






 σ22 =

Ω1

2

R

=

Ω

R

=

Ω

H (φ(x))(I(x)−µ1 )2 dx
R
H (φ(x))dx
Ω

(2.38)

(1−H (φ(x)))(I(x)−µ2 )2 dx
R
(1−H (φ(x)))dx
Ω

Next, using these updated parameters, the level set function is evolved
following the particularized version of Eq. 2.34:




∂φ(x)
(I(x) − µ2 )2
σ12
∇φ(x)
(I(x) − µ1 )2
+
− log 2
= δ (φ(x)) ν∇ ·
−
∂t
|∇φ(x)|
2σ12
2σ22
σ2

(2.39)

The level set evolution and the estimation of the statistical parameters are
iterated until convergence.

As pointed out in [190], setting the variances to one transforms Eq.
2.39 into Eq. 2.25. This model is therefore a generalization of the ACWE,
where introduction of the variance allows for the segmentation of regions
with different variances, as well as for more robustness to noise.
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The GAR model using one-dimensional Gaussian distributions for scalar
images was extended in [193, 194] to the multidimensional case using
multivariate Gaussians, and applied to vector valued images. Indeed, Eq.
2.35 is transformed into


1
1
−1
T
pi (I(x)) = p(I(x)|Ωi ) = p
exp − (I(x) − µi ) Σi (I(x) − µi )
2
(2π)d |Σi |

(2.40)

where d is the number of components of the image I. With regard to the
level set evolution equation and the updating of the statistical parameters,
the corresponding expressions are transformed in a straightforward manner.
Apart from the use of parametric PDFs such as the Gaussian case
just described, non-parametric approaches have also been considered.
In [192], an estimation of the PDF based on the histogram was employed
through a Parzen estimation with a Gaussian kernel.

2.6

Summary

In this chapter, an introduction to the use of level sets for the representation of evolving contours in image segmentation has been made. Starting
from the preceding snake model, it has been shown that these parametric
contours present serious limitations. Namely:
• Topology changes are difficult to handle.
• The parametrization of the contour greatly affects its evolution.
• Extensions to 3D images are not.direct
• The use of region-based formulations is not straightforward.
All these drawbacks justify the adoption of level sets as a general framework for the segmentation methods that are developed in this thesis since,
for the applications that will be considered, topology changes can occur,
both 2D and higher dimensional images will be dealt with, and regionbased formulation will be the basis of the proposed approaches.
Once the level set principle for image segmentation has been introduced and explained, a survey has been made on the most important
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contributions in the field, traveling from the earlier boundary-based approaches such as the GAC towards the region-based approaches that
have deserved a deeper attention. A more detailed analysis was made
on the GAR model as it is the starting point for the algorithms that will be
presented in the second part of this thesis. Even though there is a vast
number of level set segmentation algorithms and variants of the methods that have been described here, only the most relevant contributions
have been considered, since the study of all of them is collateral to the
objectives of this thesis.
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Tensors in Medical Image
Processing
3.1

Introduction

Tensor fields are an extension of scalar or vector fields, and their usage
in image processing is becoming more and more common. In this thesis,
we deal with the problem of segmentation of tensor fields, applied to the
LST and the diffusion tensor. Before proceeding any further, we will introduce the mathematical concept of tensor and tensor field, as well as
the importance of tensor fields in image processing. Next, we will focus
on the LST and its nonlinear variant, which will be employed in this thesis
for the characterization of oriented textures. Then, the concept of diffusion tensor and the DT-MRI will be introduced, and then we will conclude
with a brief review of the main applications of this relatively new medical
imaging modality.
The last part of this chapter is dedicated to the study of the problem
of tensor field segmentation. We will follow the course of the main contributions in the literature, starting from the use of scalar diffusion and
anisotropy measures. Intrinsic tensor dissimilarity measures will be addressed next, paying specific attention to the Kullback-Leibler distance
and the geodesic distance, as they will be adopted in the segmentation
methods proposed in this thesis. Finally, the definition of Gaussian PDFs
over tensor fields will be considered.

3.2

Tensor Definition

The definition of tensors is not an easy issue. In an informal sense, a tensor can be expressed as a multidimensional array relative to the choice
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of a basis. However, as a mathematical object, it is independent from any
chosen frame of reference [220, 68]. Scalars are tensors of order 0, and
vectors are tensors or order 1. Matrices are tensors of order 2.
More technically speaking, a mth-order tensor in a n-dimensional space
is a mathematical object that can be expressed as an array of n indices and nm components and obeys certain transformation rules. For
instance, a first-order tensor in a three-dimensional space has one index and three components (a three-dimensional vector). A second order
tensor has two indices, and each index will range over the number of dimensions of the space. Tensors are therefore a generalization of scalars,
vectors and matrices to any number of indices, and tensor algebra provides a common mathematical framework for all of them, thus helping in
the formulation and problem solving in many areas.
In tensor notation, a general tensor has an arbitrary number of indices
r + s (the sum is the order of the tensor), consisting in r contravariant (upper indices) and s covariant (lower indices). Using this notation, a vector
v is a (0,1)-tensor, and can be written vi , with i = 1, . . . , n. A matrix A is
a (1,1)-tensor, and may be written aji . The distinction between covariant
and contravariant indices refers to the way they transform under a continuous change of coordinates.
Tensors can be classified according to their order, their covariant and
contravariant indices, and other criteria. In this thesis, we are interested
in second-order tensors in d-dimensional spaces. These tensors can be
represented by d × d matrices.

3.2.1

Tensor applications

The use of tensors is common in different fields such as differential geometry, physics, mechanics, chemistry, crystallophysics, engineering and
other sciences. Usually, second-order tensors are employed for the description of anisotropic behaviour [220]. Let us now briefly review some
of the main applications of tensor signals:
• Elasticity: A elastic body under an applied load deforms into a
new shape. In order to provide a mathematical description for the
displacement the body undergoes, the strain tensor and the stress
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tensor are introduced. The second-order strain tensor  represents
the deformation in the different directions. The second-order stress
tensor σ relates an external or surface force applied to a body with
the internal distribution of the force. For a linear elastic material,
these two tensors are related by the generalized Hooke’s law [229]:
σ ij = C ijkl kl

(3.1)

where C ijkl is a fourth-order tensor known as the elasticity tensor,
and Einstein’s summation convention has been employed 1 . Since
σ ij and kl are symmetric, it can be shown that the elasticity tensor contains 36 degrees of freedom, i.e., 36 material constants are
necessary to completely describe the elasticity tensor.
• Permittivity tensor: In Electromagnetism, the electric displacement field D represents how much an electric field E influences the
organization of electrical charges in a given medium. Both quantities are related through the equation
D = εE

(3.2)

where ε is the second-order permittivity tensor that represents the
anisotropy of the medium. In isotropic media, the permittivity can
be reduced to a scalar.
• Metric tensor: In differential geometry, the metric tensor G = [gij ],
also known as Riemaniann metric, is employed. It is a symmetric
and positive definite (SPD) second-order tensor that tells us how to
compute the distance between two given points [155, 72]. The components of the metric tensor, gij , can be thought of as multiplication
factors that must be placed in front of the differential displacements
dx. Using the metric tensor, the arc length ds between two infinitely
close points x and x + dx is given by
ds2 = gij dxi dxj

(3.3)

where x = [xi ] and Einstein’s notation is employed. The Euclidean
space Rd is defined by a metric gij = δij , where δ is the Kronecker
delta. When the Euclidean space is endowed with a metric, it be1 According to Einstein's notation, or Einstein's summation convention, if an index
occurs more than once in the same expression, the expression is implicitly summed over
all possible values for that index [220].
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comes a Riemannian manifold. In the field of image processing,
Riemannian geometry allows the reinterpretation of distances between points in a warped image space. In [72], for instance, this
concept is employed to reinterpret the evolution of a level set for image segmentation, yielding the evolution under Riemannian mean
curvature flow, where the metric G is induced by the LST. In general, the idea of representing images as a Riemannian manifold that
is embedded in a higher dimension space has been called the Beltrami framework [198].
• Other examples of the use of tensors in different scientific areas are
the electromagnetic tensor in Electromagnetism or the velocity
gradient tensor in Fluid Dynamics.
• In the area of image processing, and particularly within the field
of medical image processing, the use of tensors has gained much
relevance lately. Most of this interest is due to the appearance of a
relatively new medical imaging modality, the DT-MRI (also referred
to as DTI, Diffusion Tensor Imaging) [23], and the use of tensor
descriptors for feature extraction, as in the case of the LST. These
two applications deserve special consideration as they are central
elements of this thesis. Therefore, specific sections will be next
dedicated to the LST and the diffusion tensor.

3.3

Structure Tensor

Texture is one of the most important features in images, and therefore
its consideration can greatly improve their analysis and understanding.
Besides, this feature space is deeply connected with important biological
vision properties [138]. The representation and modeling of textures is
a difficult and open issue, and different approaches have been proposed
over the last decades [57, 211].

3.3.1

Local Structure Tensor

Local orientation is a major component of textures in images. The orientation of the local gradient contains important information, and therefore
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this local orientation can be used as feature space. The tensor representation for local orientation in multidimensional signals [98, 29, 77, 115],
known as the LST (Local Structure Tensor) is widely accepted to provide
a compact representation of orientation, and has been used for motion
analysis besides texture representation [29]. This representation yields a
symmetric and positive semidefinite (PSD) second order tensor that encodes the local orientation. Furthermore, tensor algebra is a solid mathematical body that supports further analysis in the tensor domain.
The LST has been widely used for the segmentation of textured images in a level set framework. In [192, 191, 40], approaches based on
the GAR model (see Section 2.5.3) were employed for the unsupervised
segmentation of textured images, where texture features were encoded
by means of the structure tensor.
In [72, 73], the image is reinterpreted as a Riemannian manifold where
the induced metric is related to the LST. Then, level sets evolving under
the Riemannian mean curvature flow are employed for image segmentation, providing a generalization of the GAC model.
With regard to the estimation of the LST, two major approaches have
been proposed:
• Gradient-based methods: The estimation is performed using the
spatial variation of the signal, computed by means of the gradient
[98, 29].
• Local energy-based methods: The estimation is based on the angular distribution of the signal power, measured through the analytic
function of the signal for a predefined orientation [116, 88].
Even though the local energy-based methods can show advantages
over the gradient-based methods under certain circumstances [72], they
will not be further considered in this thesis because of two reasons: first,
the estimation of the LST is not a key issue of this work, and therefore
the gradient-based methods may be preferred because of their simplicity;
second, the outer product of the gradient of the image will allow us to introduce the definition of modified LST architectures (see Chapter 4).
For a scalar, two-dimensional image I, the LST is defined as follows
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[98, 29, 77, 88, 129, 183]:
Tρ = Kρ ∗ (∇I∇I T ) =



Kρ ∗ Ix2
Kρ ∗ Ix Iy

Kρ ∗ Ix Iy
Kρ ∗ Iy2



(3.4)

where Kρ is a Gaussian kernel with standard deviation ρ, and subscripts
denote partial derivatives. The tensor yields three feature channels (Kρ ∗
Ix2 , Kρ ∗Iy2 and Kρ ∗Ix Iy ) which, for a fixed scale, may be as powerful as a
whole set of Gabor filters for the discrimination of different textures [191].
In the case of a vector-valued (i.e. colour) image, all channels are taken
into account by summing the tensor products of the particular channels
[232]:
!
N
X
T
Tρ = Kρ ∗
∇Ii ∇Ii
(3.5)
i=1

This definition of the LST is appropriate for any number of dimensions.
For a three-dimensional image I, for instance, the (linear) LST is defined
as


Kρ ∗ Ix2 Kρ ∗ Ix Iy Kρ ∗ Ix Iz
Kρ ∗ Iy Iz 
Kρ ∗ Iy2
Tρ = Kρ ∗ (∇I∇I T ) =  Kρ ∗ Ix Iy
(3.6)
Kρ ∗ Ix Iz Kρ ∗ Iy Iz
Kρ ∗ Iz2

3.3.2

Nonlinear LST

As it was shown in [219, 190], smoothing with a Gaussian kernel causes
blurring of each of the tensor components, which may make the structure
tensor suffer from the dislocation of edges, leading to inaccurate segmentation results near region boundaries. Indeed, the convolution with a
Gaussian kernel is equivalent to the linear matrix-valued diffusion process
∂t uij = div(∇uij ) ∀i

(3.7)

where uij (t = 0) are the components resulting from the tensor product
∇I∇I T . In order to solve the limitations of the classic linear structure
tensor, Brox and Weickert [41, 43] proposed to replace the Gaussian
smoothing (i.e. linear diffusion) by nonlinear diffusion. Nonlinear diffusion was introduced by Perona and Malik [171], and aims at reducing the
smoothing in the presence of edges. The resulting diffusion equation is,
for the scalar case:
(3.8)
∂t u = div(g(|∇u|)∇u)
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with u(t = 0) being the image I and g(·) a decreasing function. This diffusion equation is only suitable for scalar-valued data. For vector-valued
data a new version of nonlinear diffusion was introduced in [85]:
!
!
N
X
2
∂t ui = div g
|∇uk | ∇ui ∀i
(3.9)
k=1

where ui is an evolving vector channel, and N is the total number of vector channels.
Finally, the nonlinear matrix-valued diffusion process yields [219, 43]:
!
!
X
2
∂t uij = div g
|∇ukl | ∇uij ∀i, j
(3.10)
kl

where uij (t = 0) are the initial tensor product components. It is worth
noticing that, for the equation above, the diffusivity g(·) is a scalar, and
thus the diffusion process is isotropic. As shown in [219], a nonlinear
anisotropic matrix-valued diffusion process is given by 2 :
!
!
X
∂t uij = div g
∇ukl ∇uTkl ∇uij ∀i, j
(3.11)
kl

A very interesting property of this matrix-valued diffusion equation relies
on its preservation of positive semidefiniteness. As the initial tensor field
is, by construction, PSD, the conservation of this feature is a desirable
attribute of a practically useful smoothing method. In [219, 43], it was
shown that using a single diffusivity constant (which can be scalar or, in
the case of anisotropic diffusion, tensor-valued) for all the tensor channels
ensures the preservation of the positive semidefiniteness for all iteration
levels.
Following Eq. 3.11, the nonlinear LST (NLST) can be obtained, for a
two-dimensional scalar image, by applying the equation with initial conT
ditions u = [ Ix2 Iy2 Ix Iy ] . As all components of the tensor product
are taken into account for the computation of the diffusivity, it is important that the values of all channels have approximately the same range.
2 Although in this thesis nonlinear and anisotropic are employed with dierent meanings, some works can be found where they are interchangeably used.
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A straightforward normalization is not a good choice in order to guarantee this condition, as noise would be amplified if one channel had little or
no texture information, for instance. So, as it was proposed in [190], a
better option is to replace the structure tensor by its square root. Given
the eigenvalue decomposition of the structure tensor T = V(λi )VT , the
square root can be computed by
p
√
T̃ = T = V( λi )VT
(3.12)
Therefore, the nonlinear LST is computed by performing the described
h
iT
Iy2
Ix2
x Iy
nonlinear diffusion process with initial conditions u = I, |∇I|
, |∇I|
, 2I
|∇I|
3

. For implementation, the AOS (additive operator splitting) scheme, proposed in [221], allows for a much more efficient and faster computation
than a straightforward implementation scheme, and is consequently preferred.

3.4

Diffusion Tensor Magnetic Resonance Imaging

DT-MRI is a medical imaging modality based on Magnetic Resonance
Imaging (MRI) which is able to quantify the anisotropic diffusion of water
molecules in biological tissues [30]. This property is usually applied to
visualize highly structured tissues. Currently, brain imaging is the most
common application of diffusion MRI, as the brain has a complex structure of gray matter areas connected by white matter fibres. Diffusion MRI
can be therefore employed for the visualization of the fibre tracts in the
white matter of the brain.
Water is a major component of biological tissue. Due to Brownian
motion, water molecules experiment random motion within the tissue.
The diffusion is then measured as the PDF p of particle displacements x
over a fixed time t. To measure diffusion from diffusion weighted images
(DWI), the Stejskal-Tanner imaging sequence is employed [201], which
3 The choice of the diusivity function g is an important issue [40], although beyond
of the scope of this thesis. In this work, g(s) = (s + )−1 was employed [209], with
 = 0.001.
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allows for a controlled diffusion weighting. If, for instance, a measurement is done without diffusion weighting and one is done with diffusion
weighting in a certain direction, then diffusion can be calculated using the
Stejskal-Tanner equation:
S = S0 e−bD
(3.13)
where S is the measured diffusion weighted image, S0 is the baseline
image (i.e. with no diffusion weighting), b is the diffusion weighting factor, introduced by Le Bihan et al. [30]. The diffusion values, D, are also
known as Apparent Diffusion Coefficients (ADC). It is worth emphasizing
that the diffusion values generated depend on the direction of the sensitizing gradient and other parameters [224].
In the more general case of considering anisotropic diffusion, Eq. 3.13
can be rewritten in the following way:
Sk = S0 e−bgk

T

Dgk

(3.14)

where Sk are the diffusion weighted images in the gradient directions gk ,
and D is the diffusion tensor, represented by a SPD 3 × 3 matrix. This
formula reverts to the isotropic case of Eq. 3.13 with D = DI, being I the
identity tensor.

3.4.1

The Diffusion Tensor

The representation of diffusion by means of the diffusion tensor yields the
DT-MRI imaging modality, which implicitly implies modeling the PDF of
the three-dimensional molecular motion, pt (x) by a zero-mean trivariate
Gaussian distribution whose covariance matrix is given by the diffusion
tensor:


−xT D−1 x
1
exp
(3.15)
p(x|D, t) = p
4t
(4πt)3 |D|
For the estimation of a field of 3×3 diffusion tensors, at least six measurements Sk must be made using different non-collinear gradient directions,
besides the baseline image S0 , taken in absence of a diffusion sensitizing field gradient. This is due to the fact that the diffusion tensor has six
free components in a matrix representation, that is, six degrees of freedom. Different methods for the estimation of the diffusion tensor have
been proposed [152]:
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• Direct estimation: Westin et al. proposed a method to directly estimate the diffusion tensor D from a set of 7 images using a closed
form expression [224, 223]. This approach is based on the decomposition of D into a orthonormal tensor basis g̃k g̃kT , which is the
dual basis of {gk gk T |, k = 1 . . . 6}, the original basis employed for
the measurement of the Sk . The obtained expression is:
D=

6
X


log

k=1

S0
Sk



(3.16)

g̃k g̃kT

This method has the advantage of providing a closed form expression for the estimation of the diffusion tensor. However, only 7 images S0 , . . . S6 can be employed for the estimation, which may not
be sufficient to obtain a robust estimation due to corruption of the
Sk with noise.
• Least Squares Estimation (LS): This is the most common way of
estimating the diffusion tensor D, and is based on the minimization
of the following sum of squared differences [22, 180]:
D = arg min
T∈S(3)

X
k


log

S0
Sk


+

bg̃kT Tg̃k

2

(3.17)

where S(3) is the space of 3 × 3 symmetric tensors. This minimization leads to the resolution of the overconstrained system Ax = b,
where x is a vector containing the six free components of D. The
main advantage of the Least Squares method is that more than 7
raw images can be employed for the estimation (in fact, all the n
available images Sk can be used), and therefore a more robust estimation can be achieved. However, there is also a major drawback.
It can be noted that there is no constraint that guarantees the resulting diffusion tensor to be positive definite. This implies that, for
noisy raw images, negative eigenvalues can appear in the obtained
diffusion tensor D. Typically, these negative tensors are reprojected
into the positive tensor space after the estimation by, for instance,
forcing the negative eigenvalues to zero. Constrained LS estimation
techniques have also been proposed that guarantee the positive
semidefiniteness of the estimated diffusion tensors [150, 118].
• Variational Approach: In [208], a variational approach was proposed for the estimation of the diffusion tensor that assures the pos-
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itive semidefiniteness of the estimation and also introduces spatial
regularity. The diffusion tensor is estimated by means of the positive
constrained minimization of the following functional:
D = arg

min
T∈PS(3)

Z X
n




ψ

log

Ω k=1

S0
Sk



T

− gk Tgk


+αφ(k∇TkF )dΩ

(3.18)

where ψ : R → R is a function intended to perform a robust estimation, φ : R → R is an increasing function that acts as a regularizer of the
P tensor field, α ∈ R is a regularization weight and
k∇TkF = ( ij k∇Ti,j k2 )1/2 is the Frobenius matrix norm. An important novelty of this approach is that the estimation of the diffusion
tensor is not pointwise as it was the case for the previous methods;
instead, spatial interactions between tensors are considered.
If ψ(s) = s2 and no regularization is imposed (i.e. α = 0), the functional is equivalent to the LS criterion in Eq. 3.17, but the obtention
of a PSD tensor is assured due to the constrained space of symmetric PSD matrices PS(3) where the minimization is performed. This
is achieved through a gradient descent algorithm that minimizes the
functional ensuring the positive semidefiniteness of the tensors D
at each iteration.
The representation of the diffusion of water molecules by means of a
second order tensor in DT-MRI implies considering the PDF as a multivariate three-dimensional Gaussian. However, sometimes this Gaussian
model does not accurately fit the data. DT-MRI provides only one fibreorientation estimate for each voxel, whereas in regions where different
fibres cross inside a voxel, the are multiple fibre-orientations. In these
points, obtaining the anisotropy from the diffusion tensor underestimates
the true directional anisotropy and, furthermore, the orientation estimates
are not correct. Several diffusion MRI modalities have been proposed
that go beyond the tensor representation of the water diffusion in order to
overcome these limitations.
The simplest alternative to the Gaussian model for the diffusion is a
mixture of Gaussians model [6, 80] This model adopts a mixture of n
Gaussians as the PDF of the displacement of the water molecules, based
on the assumption that a voxel contains n separate compartments, each
of
Pnthem containing a different tissue type in proportion ai (i = 1, . . . n,
i=1 ai = 1), and the diffusion within each of them can be described by
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a Gaussian PDF.
In [81, 8] the local diffusion is represented in terms of spherical harmonics. If the fitted spherical-harmonic series contains significant higherorder terms, this means that the Gaussian model does not suffice. In [81]
it was shown that significant fourth-order terms appear in the sphericalharmonic series in various white-matter regions in the brain, and Alexander et al. used the analysis of variance (ANOVA) test for the deletion of
variables to choose the lowest-order series that fits the data. This leads
to a simple voxel classification as isotropic (order 0), anisotropic Gaussian (order 2) or non-Gaussian (order 4 or above). There are clusters of
order 4 voxels in several fibre-crossings in the brain.
Other alternative modes to describe the diffusion properties from diffusion weighted MRI include the Diffusion Spectrum Imaging, DSI, [218]
that does not use a parametric model for the PDF pt (x), the q-ball imaging method [210] or the PASMRI algorithm [102], just to mention a few.
For a deeper insight on different emerging diffusion imaging modalities,
the reader is referred to [7].

3.4.2

Applications of Diffusion Tensor Imaging

As pointed out before, DT-MRI allows to in vivo quantify the anisotropy
properties of biological tissues, being neuroscience and brain imaging
for medical purposes its main applications. Next, we briefly describe the
most important among them.
DT-MRI is particularly relevant in a wide range of neurological clinical
pathologies. Its use has shown to be very useful for the early acute brain
ischemia detection, which is poorly assessed with conventional MRI because the extent of the isquemic lesion can only be demonstrated at a
later stage, when vasogenic edema is present [200, 21]. For leukoaraiosis, a degeneration of the white matter that produces motor and cognitive
disorders and is mostly related to an ischemic stroke [38, 157, 151], DTMRI can be useful for diagnosis purposes, as a decrease in anisotropy
has been found in those areas affected by this pathology, and conventional MRI is not able to provide enough information for the diagnosis
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[202, 157].
DT-MRI has also shown its suitability for the study of Multiple Sclerosis
(MS), a degenerative disease of the central nervous system that, due to
the neural axons demyelination, mainly affects to the white matter. The
use of DT-MRI has led to discover that plaques (MS lesions) are characterized by an increased amount of water diffusion and a decrease in
the anisotropy [87, 49, 222]. Moreover, diffusion tensor imaging allows to
detect regions of normal-appearing white matter affected by this disease
[91], and has shown that the gray matter in MS patients has different properties than in healthy brains [36]. Additionally, the stage of the disease
could be better understood using DT-MRI by studying the connectivity of
the nervous fibres affected by the lesions [87].
With regard to epilepsy, another common brain disorder, DT-MRI has
also demonstrated some capabilities that go beyond those of conventional MRI. While MRI has mostly been employed to detect structural
lesions related to epileptic seizures [144], DT-MRI seems to be able to
detect abnormalities undetected using the previous imaging modality [60,
71]. Abnormal DT-MRI measures have been detected associated with
bilateral Temporal Lobe Epilepsy (TLE) [15], and some others related to
Malformations in Cortical Development (MCD) [71, 37]. Other lesions that
may cause epilepsy, such as trauma, have received less attention [92].
Neurooncology has also taken advantage of the benefits of DT-MRI.
Conventional MRI is commonly employed for the determination of the size
and location of tumors, but gives no information about its composition
[202]. DT-MRI enables the discrimination of different parts of tumoral tissues or different types of tumors [202, 134]. DT-MRI has also been used
for the detection of white matter invasion in tumors, that is, metastasis
[134, 206]. The white matter surrounding the tumors has been studied
by means of tractography techniques, and it has been demonstrated that
important changes in the orientation of fibres occur [215, 227]. Other interesting applications of DT-MRI in Neurooncology are surgical planning
[231] or the monitorization of a given therapy once the lesion has been
detected and the treatment has started [202, 108, 120].
Apart from these pathologies, applications of DT-MRI have also been
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found for the study of other diseases such as hydrocephalus [69], schizophrenia [12] or Alzheimer’s disease [188]. The interested reader is referred to
[202, 96] for a comprehensive introduction to the applications of DT-MRI
to brain diseases.

3.5

Segmentation of Tensor Fields

The segmentation of tensor-valued images or 3D volumes is a relatively
recent issue in image processing. Most of the effort made in this direction
has been focused on the segmentation of anatomical structures from DTMRI, and some contributions have also been made for the segmentation
of 2D textured images using the LST.

3.5.1

Scalar diffusion and anisotropy measures

The necessity of developing new methods for the segmentation of tensor
images (also known as tensor field segmentation) arises from the fact that
traditional segmentation techniques operate with scalars or vectors, and
therefore cannot be directly applied to tensors. It is then natural that, initially, most of the methods intended for the segmentation of tensor fields
were based on scalar or vector values extracted from the tensors.
Apart from segmentation, other image processing techniques developed for DT-MRI, such as smoothing, have been primarily addressed
by using derived expressions from the diffusion tensor such as eigenvalues, eigenvectors or rotationally-invariant scalar measures [55, 181].
Also for fibre tracking, most techniques work on scalar or vector-valued
data [44, 213].
In [25], Basser et al. proposed the use of some scalar quantities derived from the diffusion tensor D. First, they decomposed D into isotropic
and anisotropic parts:
D = DI + (D − DI)

44

(3.19)

New Insigths on Multidimensional Image and Tensor Field Segmentation
where Di = DI is an isotropic tensor (I is the identity tensor) and (Da =
D − DI) is an anisotropic tensor. The scalar D is called the mean diffusivity, and can be computed in the following way:
D=

d11 + d22 + d33
λ 1 + λ2 + λ 3
Trace(D)
=
=
3
3
3

(3.20)

where λ1 , λ2 and λ3 are the eigenvalues of D. The authors also reinterpret D with relation to the square root of the (scalar) generalized tensor
product or tensor dot product4 of the isotropic part of the tensor:
√
√
√
DI : DI = D I : I = D 3
(3.21)
It can be seen that this magnitude of the isotropic part of D is proportional
to the mean diffusivity. The magnitude of the anisotropic part of D is given
by:
v
u 3 3
p
uX X
(dij − Diij )2
Da : Da = t
(3.22)
i=1 j=1

In order to emphasize the invariance of this magnitude with respect to
changes of the coordinate system, Eq. 3.22 can be rewritten in terms of
the eigenvalues of D:
r
p
1
Da : Da =
((λ1 − λ2 )2 + (λ2 − λ3 )2 + (λ3 − λ1 )2 )
(3.23)
3
Starting from these definitions, it is then possible to obtain the well-known
relative anisotropy, RA, and fractional anisotropy, FA:
√
√
Da : Da
1 Da : Da
RA = √
=√
(3.24)
D
3
DI : DI
r √
3 Da : Da
√
FA =
(3.25)
2
D:D
In [225], the authors proposed a decomposition of the diffusion tensor
based on its symmetry properties that results in measures that describe
the geometry of the diffusion ellipsoid (i.e. an ellipsoid whose principal
4 The generalized tensor product of a tensor, which is equivalent to the square of
P
P
the Frobenius norm (T : T =k T k2F ), is dened as T, as T : T = 3i=1 3j=1 t2ij =

λ21 + λ22 + λ23
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axes correspond to the directions of the eigenvector system, and whose
dimensions are the corresponding eigenvectors). From this analysis, a
simple anisotropy measure was proposed. Specifically, let λ1 ≥ λ2 ≥
λ3 ≥ 0 be the eigenvalues of the diffusion tensor D and let êi be the
eigenvector corresponding to λi . Then, D can be decomposed as follows:
D = λ1 eˆ1 eˆ1 T + λ2 eˆ2 eˆ2 T + λ3 eˆ3 eˆ3 T

(3.26)

A classification of the tensor shape in three different cases can be considered:
• Linear case: This case occurs when λ1  λ2 ' λ3 , and diffusion
occurs only along one direction:
D ' λ1 Dl = λ1 eˆ1 eˆ1 T

(3.27)

• Planar case: In this case, λ1 ' λ2  λ3 , and diffusion is restricted
to planes:
D ' λ1 Dp = λ1 (eˆ1 eˆ1 T + eˆ2 eˆ2 T )
(3.28)
• Spherical case: This is the isotropic case, where λ1 ' λ2 ' λ3 .
D ' λ1 Ds = λ1 (eˆ1 eˆ1 T + eˆ2 eˆ2 T + eˆ3 eˆ3 T )

(3.29)

The geometrical shapes corresponding to these basic cases can be
seen in Figure 3.1. One can expand the diffusion tensor using these
cases as a basis:
D = (λ1 − λ2 )Dl + (λ2 − λ3 )Dp + λ3 Ds

(3.30)

where (λ1 − λ2 ), (λ2 − λ3 ) and λ3 are the coordinates of D in the tensor
basis {Dl , Dp , Ds }. If we normalize these coordinates so that each of
them lies within the range [0, 1] and the they all sum one, the linear, planar
and spherical coefficients cl , cp and cs are obtained:
cl =

λ1 − λ 2
λ1 + λ 2 + λ3

(3.31)

cp =

2(λ2 − λ3 )
λ 1 + λ2 + λ 3

(3.32)
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cs =

3λ3
λ1 + λ 2 + λ 3

(3.33)

Finally, an anisotropy measure that describes the deviation from the spherical case is achieved by summing the normalized linear and planar coefficients:
λ1 + λ2 − 2λ3
ca = cl + cp =
= 1 − cs
(3.34)
λ1 + λ 2 + λ 3
In [169], the authors employed these coefficients to visualize and quanti-

(a)
Figure 3.1:

(b)

(c)

Geometric shapes of tensors for the linear, planar and spherical
case ((a), (b), (c) respectively).

tatively analyze the anisotropy properties and different parts of the brain,
such as the corpus callosum and the internal capsule.

Zhukov et al. presented a slightly different approach in [234]. In their
work, they argue that using eigenvalues/eigenvectors to compute scalar
measures of diffusivity or anisotropy requires a considerable computational expense, and stability problems can arise as a small amount of
noise will greatly affect not only the values but also the ordering of the
eigenvalues (many of the anisotropy measures seen above depend on the
ordering of the eigenvalues). Therefore, an anisotropy measure was proposed that does not require eigenvalue computations and is stable with
respect to noise, besides of being rotationally invariant. This anisotropy
measure is derived from three tensor invariants, that is, combination of
tensor elements which are rotationally invariant, proposed in [212]. These
invariants can be obtained without the computation of the eigenvalues (although they can also be obtained from them), and are the following:
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1. First invariant or trace:
I1 = d11 + d22 + d33 = λ1 + λ2 + λ3

(3.35)

2. Second invariant:
I2

= d11 d22 + d11 d33 + d22 d33 − d12 d21 − d13 d31 − d23 d32
(3.36)
= λ1 λ2 + λ 1 λ 3 + λ 2 λ 3

3. Third invariant or determinant:
I3

= d11 (d22 d33 − d32 d23 ) − d12 (d21 d33 − d31 d23 )
+ d13 (d21 d32 − d31 d22 ) = λ1 λ2 λ3
(3.37)

The first invariant is proportional to the sum of the square of the radii of
the ellipsoid, the second is proportional to the square of its surface area,
and the third one is proportional to the square of its volume. From the
three of them, the following anisotropy measure was proposed in [234]:


1 I1 I2
Ca =
−3
(3.38)
6
I3
For isotropic diffusion, when λ1 = λ2 = λ3 , Ca = 1. In the anisotropic
case, both for linear or planar diffusion, Ca is always ∼ λ1 /λ3 .
Whereas most of the scalar diffusion and anisotropy measures described so far were proposed mainly for visualization or some quantitative
purposes from brain tensor data, the diffusivity measure I1 (Eq. 3.35) and
the anisotropy measure Ca (Eq. 3.38) were both employed in [234] for the
segmentation of tensor brain data through the evolution of a level set following an edge-based approach similar to the GAC model (see Section
2.4).

3.5.2

Vector representation of the tensor

The segmentation of tensor fields using scalar diffusion or anisotropy
measures extracted from the full tensor presents serious limitations derived from the substantial loss of information that this reduction implies.
Therefore, in order to exploit the information present in all the components
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of the structure tensor, Rousson, Brox et al. proposed in [40, 192, 191] to
apply the vector-valued version of the GAR model for multivariate Gaussian distributions [193, 194] (see Section 2.5.3) to the vector consisting of
the nonlinearly diffused free components of the LST. This way, the image
is treated as though it were multiespectral, being the channels each of
the components of the tensor.
This approach presents an evident advantage over the schemes described in the preceding section that uniquely considered a scalar value
extracted from the full tensor, as it uses the information corresponding
to all the components in the tensor. However, it also suffers from a major drawback, namely, it misses the tensor structure of the information;
making explicit use of the tensor structure implies performing the segmentation directly in the tensor domain. The approaches based on this
premise are considered in the following section.

3.5.3

Segmentation using tensor dissimilarity
measures

Although the use of scalar diffusion and anisotropy measures that describe the geometry of the diffusion tensor have been successfully employed for visualization, quantitative analysis or even segmentation of tensor data, the reduction of a full tensor to a scalar can result in a loss of
discrimination capability, potentially yielding the segmentation of mixed
structures. An analogous statement can be made about the vector processing of the tensor information. So, and in order to overcome these
limitations, segmentation approaches have been proposed based on the
use of different dissimilarity measures between tensors.
In [9], Alexander et al. proposed a number of similarity measures for
tensor images for their application in the registration of diffusion tensor
data. These similarity measures include the squared trace of the difference of the tensors, the squared anisotropy indices, and have been the
inspiration for subsequent work in the segmentation of tensor images.
Feddern et al. first proposed a level set segmentation method directly
working on tensor data [74]. In their work, they present a structure tensor
for tensor data as a generalization of the concept of image gradient to
tensor data. Starting from this concept an active contour model is pre-
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sented, based on the GAC model [47, 114] and adapted to tensor data
by using the trace of the LST of the tensor data as an edge detector that
stops the evolution of the contour in the presence of edges.
In [226] a modified k-means algorithm [128, 94, 31] was proposed to
segment the thalamic nuclei from DT-MRI 5 . The metric the authors propose is a combination of the Mahalanobis voxel distance and the Frobenius tensor distance. Specifically, the distance Ejk between a voxel j and
the cluster centroid k is as follows:
Ejk =k xj − x̄k kWk +γ k Dj − D̄k kF

(3.39)

where xj is the location of voxel j, x̄k is the mean voxel location for cluster
k, Wk is the covariance matrix for the voxels in cluster k, γ is a weighting factor to control the relative importance of the tensor distance and
the voxel distance, Dj is the diffusion tensor for voxel j, and D̄k is the
mean diffusion tensor for voxel j. The Frobenius norm for a tensor T is

1/2
defined as k T kF = Trace(TT T)
. This way, the procedure labels as
belonging to the same region voxels which are close both in position and
in diffusion properties. To the best of our knowledge, this method is the
first to propose a metric working directly on the tensor data to perform the
segmentation.
After the pioneering works by Feddern et al. [74] —who first run a
level set algorithm on tensor data, as previously indicated—, and by
Wiegell et al. —who first employed tensor dissimilarity measures for
segmentation—, the most recent approaches for the segmentation of tensor data are based on the combination of both elements, that is, the use
of variational methods and level sets based on the information given by
tensor dissimilarity measures.
In [217], Wang and Vemuri proposed the use of a region-based active
contour model for the segmentation of tensor fields. Their approach is
5 The thalamic nuclei have traditionally been identied using histological analysis,
as conventional in vivo imaging techniques such as CT and MRI do not provide the
necessary contrast to dierentiate the nuclei. It was hypothesized that bre orientations
are relatively aligned within each nucleus as they all target the same cortical region and,
this being the case, thalamic nuclei should be distinguished by their characteristic bre
orientation. This was demonstrated by achieving the segmentation of the nuclei from
DT-MRI in [226, 27, 105]
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an extension of the level set implementation of the Mumford-Shah functional to matrix-valued images (see Section 2.5.1), where the Frobenius
norm of the difference of tensors is employed. This segmentation method
was tested on synthetic tensor field segmentation as well as for the segmentation of textures by means of the LST, and MRI data. Although the
experimental results were good, the Frobenius norm of the difference of
tensors is not completely appropriate, as it uses the same weights for different components of the tensor and ignores the fact that tensors have
structure.
Jonasson et al., in [104, 103], face the segmentation of DT-MRI data
from a perspective somehow inspired on a fibre tracking approach. In
a level set framework, the speed propagation of the front is proportional
to the similarity between the tensors lying on the front and its neighbors.
As for tensor dissimilarity measure, the normalized tensor scalar product
(NTSP) is employed:
NTSP(D1 , D2 ) =

D1 : D2
Trace(D1 )Trace(D2 )

(3.40)

where D1 : D2 stands for the well known tensor scalar product that is a
measure of overlap between two tensors:
D1 : D2 = Trace(D1 D2 )

(3.41)

In order for the mean curvature flow —usually introduced in the level set
evolution for regularization purposes, see Section 2.3, Eq. 2.8— not to
destroy the tubular structure of the fibre tracts that are sought, the smaller
principal curvature is employed, which is a combination of the mean and
the Gaussian curvatures (see respectively Eqs. 2.8 and 2.7) and was
introduced in [133].

Kulback-Leibler Distance
In order to overcome the limitations of the Frobenius norm or other tensor
dissimilarity measures used in the preceding segmentation approaches,
Wang and Vemuri introduced in [216] a new tensor dissimilarity measure. Recalling that, in the context of DT-MRI, the displacement of water
molecules over a time t follows a Gaussian distribution whose covariance
matrix is the diffusion tensor, it is naturally justified to use the distance be-

51

New Insigths on Multidimensional Image and Tensor Field Segmentation
tween Gaussian distributions to induce a distance between the tensors.
The most frequently used information theoretic dissimilarity measure is
the Kullback-Leibler (KL) divergence, which is defined as:


Z
p(x)
KL(p k q) = p(x) log
(3.42)
dx
q(x)
As the KL divergence is not symmetric, it is commonly symmetrized as:
J(p, q) =

1
(KL(p k q) + KL(q k p))
2

(3.43)

This symmetrized KL divergence is also called J-divergence. Based on it,
Wang and Vemuri proposed in [216] a dissimilarity measure for SPD tensors, given by the square root of the J-divergence between two Gaussian
distributions with zero mean and covariances T1 and T2 :
p
d(T1 , T2 ) = J(p(x|T1 , t), p(x|T2 , t))
(3.44)
Taking the square root in Eq. 3.44 is justified because the KL divergence,
and thus twice the J-divergence, is the square distance of two infinitesimally nearby points on a Riemannian manifold of parametrized distributions. It turns out that the J-divergence has a simple form for the Gaussian
distribution considered [216]:
q
1
−1
d(T1 , T2 ) =
trace(T−1
(3.45)
1 T2 + T2 T1 ) − 2n
2
where n is the size of the tensors.
Starting from the definition of this new tensor dissimilarity measure,
Wang and Vemuri presented a segmentation algorithm based on the minimization of the following energy functional:
Z
Z
2
E(C, T1 , T2 ) =
d (T(x), T1 )dx +
d2 (T(x), T2 )dx + ν|C| (3.46)
Ω1

Ω2

Note that this energy functional is the tensor extension, with the introduction of the J-divergence as dissimilarity measure, of the Chan & Vese
model for the segmentation of piecewise constant regions (Eq. 2.20).
The energy functional in Eq 3.46 depends on the segmenting contour,
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C, and on the mean values of the tensor field over regions Ω1 and Ω2 , T1
and T2 , respectively. It is therefore necessary to compute these values.
In [216], the mean value T̄ of a tensor field T over a region Ω is defined
as
Z
T̄(T, Ω) =
min
d2 (T(x), M)dx
(3.47)
M ∈S + (n,R)

Ω

+

where S (n, R) stands for the set of real SPD matrices of size n. Wang
and Vemuri proved that there is a closed form expression for T̄, which is
given by
q
√
√
√
√
−1
T̄ = B
BA B
B−1
(3.48)
where A =

R
Ω

T(x)dx and B =

R
Ω

T−1 (x)dx.

Through its implementation in a level set framework, this segmentation approach was successfully tested on synthetic tensor fields as well
as for the segmentation of textures using the LST and the segmentation
of real DT-MRI data. Its main drawback is, coherently with the Chan &
Vese model on which it is grounded, its limitation to a piecewise constant
model.
With the aim to overcome this limitation, Lenglet et al. presented in
[121, 125] a segmentation approach that, with the twofold inspiration of
the GAR model for segmentation and the use of the J-divergence as a
tensor dissimilarity measure, proposes the minimization of the following
energy functional:
E(C, T̄i , σi2 )

=−

2 Z
X
i=1


log pd,i d(T(x), T̄i ) dx

(3.49)

Ω1

where C is the segmenting contour that splits the image domain Ω into
regions Ω1 and Ω2 . The equation above is a derivation from the region
term in the GAR model (see Eq. 2.33) where, instead of modeling the
PDF of the image values, the distances between the tensor at each point
and the mean value of the tensor field over the corresponding region are
modeled as Gaussian distributions6 with zero mean and variances σi2 ,
6 Since the tensor distances are always non-negative, strictly speaking the expression
`
´
in Eq. 3.50 should be multiplied by 2 so that pd,i d(T(x), T̄i ) remains a PDF. Anyway,
as this applies for both distributions over Ω1 and Ω2 , this consideration has no practical
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that is:
pd,i


1
d(T(x), T̄i ) = p
exp
2πσi2



−d2 (T(x), T̄i )
2σi2



(3.50)

If we reformulate the energy term by representing the segmenting contour
C by the zero level set of the distance function φ, and make use of the
regularized versions of the Dirac and Heaviside functions, δ (φ(x)) and
H (φ(x)), and add the regularity constraint on the length of the contour,
the energy functional becomes:
Z

E(φ, T̄i , σi2 ) =
− log pd,1 d(T(x), T̄1 ) H (φ(x))
(3.51)
Ω

− log pd,2 d(T(x), T̄2 ) (1 − H (φ(x))) + ν|∇H (φ(x))|dx
The derivation of the Euler-Lagrange equations for this energy functional,
which was studied in [193], yields the following evolution equation for the
level set function φ:
"
 !#
pd,2 d(T(x), T̄2 )
∂φ(x)
∇φ(x)
1

(3.52)
= δ (φ(x)) ν∇ ·
+ log
dt
|∇φ(x)| 2
pd,1 d(T(x), T̄1 )
The derivation of the energy with respect to σi2 and T̄i indicates that the
variances must be updated by their estimations, while the mean values
for the tensor field over both regions are updated following Eq. 3.48.
It is worth noticing that this segmentation approach is an extension of
the method proposed in [193] by Rousson et al. that applies the GAR
model with Gaussian distributions on the intensity values. In the present
approach, it is not the data that is modeled as indicated, but the distances between the tensors at each point and their mean values, and a
zero mean constraint is imposed.
The described segmentation approach was able to achieve impressive
results for the segmentation of both synthetic and real DT-MRI data and
it was made clear in [125] the superiority of the J-divergence over the
consideration of the tensor components in a R6 vector representation.
Despite this, the use of the J-divergence shows some limitations as a
eect.
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tensor dissimilarity measure, as was also demonstrated in [125].

Geodesic Distance
In order to define a new tensor dissimilarity measure, Lenglet et al. considered in [124, 125] the statistical manifold M representing the family of
three-dimensional, zero-mean Gaussian PDFs described through the 6
free parameters of their covariance matrix 7 . A Riemannian metric can
then be introduced in terms of the Fisher information matrix [184] that allows for the definition of geodesic distances on this manifold.
The geodesic distance D induced by the Riemannian metric derived
from the Fisher information matrix has been investigated for several parametric distributions. If we concentrate on the family of multivariate normal
distributions with common mean vector ξ but different covariance matrices T or, equivalently, on the manifold S + (n, R), i.e., the set of n × n real
SPD matrices, the information geodesic distance between any two element T1 and T2 is given by (theorem by S. T. Jensen, 1976, originally
proved in [16]):
v
r
u m



u1 X 2
1
D(T1 , T2 ) =
log (λi )
trace log2 T1 −1/2 T2 T1 −1/2
=t
2
2 i=1

(3.53)

where the λi are the m eigenvalues of the determinantal equation |λT2 −
T1 | = 0.
The information geodesic distance was used in the segmentation algorithm presented in the previous part (Eqs. 3.49-3.52) replacing the
J-divergence [125, 121]. For this purpose, the mean value of the tensor field over each region with respect to this new geodesic distance is
needed. Fréchet [82], Karcher [107] and Pennec [170] define this mean
value, also known as the Riemannian barycenter, as follows:
T̄ =

N
1 X 2
D (T, Tk ) = E[D2 (T, Tk )]
T ∈S + (n,R) N

min

(3.54)

k=1

7 Throughout the theoretical derivation of the geodesic distance, 3 × 3 diusion tensors are considered.
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While it has been shown that the Riemannian barycenter exists and is
unique for S + (n, R), a closed form expression cannot be obtained [146].
However, a gradient descent algorithm was proposed in [124] where,
starting from an initial guess T̂(t = 0), the following evolution equation
is obtained:
N


T̂(t) X
∂t T̂(t) = −
(3.55)
log T−1
T̂(t)
k
N
k=1

More details and the corresponding numerical implementation can be
found in [124].

3.5.4

Gaussian distributions over tensor fields

While the J-divergence and the information geodesic distance between
tensors are indeed appropriate intrinsic tensor dissimilarity measures,
their use for tensor field segmentation purposes through the modeling of
the distances between the tensors and their mean values as a zero-mean
Gaussian distribution entails an important limitation. Indeed, the complexity of the space of SPD tensors is reduced to the one-dimensional space
of the J-divergence or geodesic distances.
Additionally, vector representations in Rd for the tensors components
were considered in [191, 192] —and modeled with a multivariate Gaussian extension of the GAR model as done in [193, 194] (see Section
2.5.3)— to perform the segmentation. This approach was applied to the
segmentation of textured images with the LST, and was later applied to
diffusion tensors in [125]. In this case, there is no dimensionality reduction, but the vector representation of tensors is not adequate.
Another approach was proposed in [126, 123, 122], in which the segmentation method is based on the definition of Gaussian distributions between diffusion tensors. These distributions are then incorporated into
the probabilistic setting of the GAR model. Making use of the necessary
elements from differential geometry, and once a suitable metric has been
defined, a Gaussian distribution between tensors belonging to the manifold S + (3, R) of the 3 × 3 real, SPD matrices is defined with the following
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PDF:
ϕ(β i )T Λ−1 ϕ(β i )
p(Ti |T̄, Λ) = p
exp −
2
(2π)6 |Λ|
1





(3.56)

The following elements need to be specified to complete the description
of the Gaussian distribution:
• Ti is the 3 × 3 tensor located at voxel i in Ω.
• T̄ is the empirical mean tensor over a set of N diffusion tensors.
• Λ is the associated covariance matrix, whose size is 6 × 6 for a 3 × 3
tensor (that is, the number of free components).
• The symmetric matrix β i is defined, for a given metric Dx , by β i −
∇Ti Dx (Ti , T̄).
• The map ϕ : S + (3, R) 7→ R6 associates to each matrix β i its 6 free
components.
As can be seen, the definition of the Gaussian distribution is general in
terms of the metric employed. In their work, Lenglet et al. consider three
different choices:
1. Euclidean Metric: In this case, the dissimilarity measure between
two tensors A and B is given by the Frobenius norm of the difference:
q
De (A, B) =k A − B kF = trace ((A − B)(A − B)T )
(3.57)
The gradient of the squared distance De can be shown to be
∇A De2 (A, B) = A − B

(3.58)

The empirical mean tensor over a set of N tensors is estimated as
T̄e =

N
1 X
Ti
N i=1

(3.59)

while the associated covariance matrix is obtained as
Λe =

N
N
1 X
1 X
ϕ(β i )ϕ(β i )T =
ϕ(Ti − T̄e )ϕ(Ti − T̄e )T (3.60)
N i=1
N i=1
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as β i = Ti − T̄e
2. J-Divergence Metric: As shown before (see Section 3.5.3), the JDivergence is the symmetrized Kullback-Leibler distance between
two Gaussian distributions with zero mean and covariances given
by the tensors, and adopts an expression that we reproduce here
for the reader’s convenience:
Dj (A, B) =

1p
trace(A−1 B + B−1 A) − 2n
2

(3.61)

Using the fact that ∇A trace(B−1 A) = ∇A trace(AT B−T ) = B−T =
B−1 and that ∇A trace(A−1 B) = −(A−1 BA−1 )T = −A−1 BA−1 ,
the gradient of the squared distance Dj can be expressed as
∇A Dj2 (A, B) =


1
B−1 − A−1 BA−1
4

(3.62)

As also described in Section 3.5.3, a closed form expression can
be found for the empirical mean tensor:
√
q
√
√
√
T̄ = B−1
BA B
B−1
(3.63)
Finally, the associated covariance matrix is obtained as:
Λe =

N
1 X
ϕ(β i )ϕ(β i )T
N i=1

(3.64)

−1
with β i = −(1/4)(T−1
− T̄−1
j Ti T̄j )
i

3. Geodesic Metric: The Geodesic metric is defined on the basis that
the Fisher information matrix corresponds to the Riemannian metric
on the manifold S + (3, R) and induces the geodesic distance Dg .
The expression for this distance between two tensors A and B is
r

1
Dg (A, B) =
trace log2 A−1/2 BA−1/2
(3.65)
2
There is no closed form expression for the empirical mean tensor
T̄g , and therefore a gradient descent method must be employed following Eq. 3.55. With respect to the associated covariance matrix,
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it is given by
Λe =

N
1 X
ϕ(β i )ϕ(β i )T
N i=1

(3.66)

where β i = −T̄g log(T−1
i T̄g ).

Using the described Gaussian distribution on tensor data, and choosing one of the proposed metrics, an energy functional was proposed in
[126, 123, 122] that is based on modeling the data directly on the tensor
domain:
Z
E(C, T̄1,2 , Λ1,2 ) = −
log p(T(x)|T̄1 , Λ1 )dx
Ω1
Z
−
log p(T(x)|T̄2 , Λ2 )dx + ν|C|
(3.67)
Ω2

In the original work by Lenglet et al., a boundary based term was also
employed, based on the norm of the spatial gradient of the tensor field,
which is also derived for the Euclidean, J-Divergence and Geodesic metrics (see [123]). We will not study this term here, as boundary-based
terms will not be considered, generally speaking, throughout this dissertation.

For given statistical parameters, the final level set evolution equation
employed for segmentation is as follows:



∂φ(x)
∇φ(x)
1
p(T(x)|T̄1 , Λ1 )
= δ (x) µ∇ ·
+ log
(3.68)
dt
|∇φ(x)| 2
p(T(x)|T̄2 , Λ2 )
Experimental results made with this segmentation approach on both synthetic and real MR-DTI images proved that the choice of the tensor dissimilarity measure has a critical effect on the segmentation results. The
Euclidean metric presents serious limitations that become evident as the
complexity of the data increases. All in all, empirical evidence showed
that the geodesic distance outperforms the J-divergence which, in turn,
achieves better results than the Euclidean metric.
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3.6

Summary

In this chapter, the use of tensor fields for image processing, and for medical image processing in particular, has been discussed. Second-order
tensors constitute a convenient mathematical tool to describe anisotropic
behaviours; specifically, we have focused on the LST and the diffusion
tensor from DT-MRI.
Once the tensor concept has been introduced, and the LST and diffusion tensor have been studied, the state of the art in the segmentation of
tensor fields has been carefully reviewed, as this topic is one of the central
elements in this thesis. The main approaches have been discussed, with
particular emphasis on the study of the Kullback-Leibler and geodesic
distances as tensor dissimilarity measures and the definition of Gaussian
probability distributions over tensor fields, on which our contributions are
grounded.
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4
Tensor processing for image
segmentation
4.1

Introduction

The segmentation of images with textures relies, as explained in Chapter
1, on the adequate representation of the texture features. Gabor filters
[35, 100, 166, 195] and Markov Random Fields [57, 140, 10, 132] are
common choices, but they can suffer from problems related to an excessive number of output channels or parameters needed. In this thesis, we
concentrate on the representation of oriented textured by means of the
LST.
The LST was introduced in [77, 98], and describes oriented textures
by means of a second-order order tensor, represented by a symmetric
PSD matrix. As the estimation of the structure tensor is a complex issue by itself [72, 109, 115, 83] and falls out of the scope of this thesis, a
gradient-based approach will be employed throughout this work for simplicity reasons. Instead of using the classical smoothing with a Gaussian
kernel, however, we will employ the nonlinear diffusion process proposed
in [219, 41, 43] that yields the so-called nonlinear LST (see Section 3.3
for details).
The segmentation of textured images using the LST has been addressed in the literature before. In [217, 216], Wang and Vemuri proposed a segmentation algorithm based on the ACWE model (see Section
2.5.1). Using the Frobenius and the J-divergence, their approach models
the distance between the tensor at each pixel and the mean value of the
tensor field over each segmenting region. Results on synthetic images
composed of textures showed the capabilities of using the full tensor information for the segmentation of textures.
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Rousson, Brox et al., in [40, 191, 192], presented a different approach
in which a feature vector was built upon the independent tensor components of the LST plus the intensity of the original image, after a nonlinear diffusion process. Then, vector-valued GAR [193, 194] was applied,
considering several probabilistic assumptions including Gaussian distributions for all channels or a Parzen density estimation for the intensity
channel and a Gaussian distribution for the LST components.

Analyzing the two approaches just described, it is interesting to note
that the main advantage of the former is the main disadvantage of the latter, and vice versa. Indeed, the incorporation of the intensity information
to the segmentation can help improve the segmentation results, but the
vector processing of the LST can be readily improved. On the other hand,
the tensor processing of the LST using the Frobenius or the J-divergence
implies a better use of the tensor information, but discarding the intensity
means losing potentially valuable information.

In this chapter, the segmentation of textures using the LST will be addressed, and two main contributions will be described: first, a tensorprocessing segmentation method using the LST —that improves the approach by Wang & Vemuri— will be presented . This segmentation scheme
has been proposed in the literature for the segmentation of diffusion tensors in DT-MRI, but has not been applied to the structure tensor. Second,
we will introduce a novel approach to the incorporation of the intensity
information to the segmentation process without losing the nice properties of the tensor architecture, based on the definition of a modified LST.
These two contributions were presented in [62].

The remainder of this chapter is organized as follows. In the next
section, we will illustrate some of the limitations of the segmentation approaches that have just been described. Then, a segmentation approach
based on the tensor processing of the LST in a the GAR framework will
be described. In section 4.3.1, several modified structure tensor architectures, which incorporate intensity information, will be defined. The
performance of the described approaches will be shown next, and, finally,
some conclusions will be drawn.
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4.2

Limitations of the LST

In order to illustrate the limitations of the LST for segmentation purposes,
let us consider the three synthetic images shown in Figure 4.1. The images are composed of two regions with different mean intensity levels,
and oriented patterns have been added. The relative orientations of the
patterns inside each region range from perpendicular to parallel.
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Synthetic images composed of two regions with oriented patterns
superimposed on dierent mean values.

The segmentation approach proposed by Wang & Vemuri [217, 216]
will be referred to as LST-ACWE, and is described in Section 3.5.3 (specifically, see Eq. 3.46). With respect to the vector processing of the LST
plus the intensity information, the vector-valued GAR model is described
in Section 2.5.3, and will be referred to as v-LST-GAR. Both techniques
will be compared by means of the unsupervised segmentation of the three
synthetic images.
In Figures 4.2, 4.3 and 4.4 the segmentation results for the three synthetic images using both techniques are shown. As can be seen, both
methods achieve the correct segmentation on the first test image. The
same applies to the second test images, where there is a difference of 45
degrees between the oriented patterns in both regions. However, for the
third test image, the segmentation method based on the tensor processing of the LST totally fails, whereas the vector-based approach continues
to achieve the correct segmentation.
In terms of the LST, both regions in the third test image are exactly
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the same, because the oriented patterns, although on top of different
intensity mean values, coincide. As the LST does not incorporate any
information about the intensity values, methods based solely on the LST
are completely blind to intensity differences and, consequently, they fail to
successfully segment an image where the texture information is irrelevant
but the intensity is not. The vector-based approach, however, explicitly includes the intensity information as an additional channel, which makes it
able to discriminate different regions in terms of their textures or intensity
properties, accordingly.
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Results of the unsupervised segmentation of the rst synthetic image. In red, LST-ACWE with J-divergence. In green, v-LST-GAR
over LST components plus intensity. From left to right, initial
contour, intermediate result after 5 iterations, nal result.

It has been shown that the main limitation of the LST for textured image segmentation stems from the fact that it does not include any intensity
information. However, leaving aside the intensity information and concentrating only on the information encoded within the LST, we will show later
in this chapter (see Section 4.4), that the tensor processing of the LST
outperforms the vector processing of that information. This fact suggests
that the choice of a tensor processing of all the available information,
including intensity information, is thus preferable; hence, modified LST
architectures will be proposed in order to perform the segmentation in the
tensor domain without discarding the valuable intensity information.
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Results of the unsupervised segmentation of the second synthetic
image. In red, LST-ACWE with J-divergence. In green, v-LSTGAR over LST components plus intensity. From left to right,
initial contour, intermediate result after 5 iterations, nal result.
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Results of the unsupervised segmentation of the third synthetic
image. In red, LST-ACWE with J-divergence. In green, v-LSTGAR over LST components plus intensity. From left to right,
initial contour, intermediate result after 5 iterations, nal result.
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4.3

Tensor GAR over a modified LST

In this section, we propose a segmentation method for textured images
based on the use of original modified structure tensor architectures [62],
together with the GAR-based segmentation in the tensor domain using
the J-divergence and the geodesic distance as tensor dissimilarity measures [40, 191, 192].

4.3.1

Modified LST Architectures

The LST and, specifically, its nonlinearly diffused version (NLST) is a
very valuable feature for the segmentation of texture images. However,

T
when compared with the feature vector u = Iˆx2 Iˆy2 IxˆIy Iˆ , where
the hatted components denote the (nonlinearly) diffused components, it
is clear that a tensor based solely on the conventional LST has the disadvantage of not using any gray scale information (or colour information,
in the case of vector-valued images) at all. Thus, and in order to incorporate this valuable information without losing the nice properties of the
structure tensor, in this thesis we propose to use the nonlinear Extended
Local Structure Tensor (ELST), which, for a scalar image, we define as
follows:


Iˆx2 IxˆIy IxˆI


TE = vvT =  IxˆIy
(4.1)
Iˆy2
IyˆI 
ˆ
2
ˆ
ˆ
Ix I Iy I
I
where v = [ Ix

Iy

T

I] .

As with the conventional NLST, the ELST can be generalized to the
case of multidimensional images. For a 3D image, for instance, we get
T
v = [ Ix Iy Iz I ] , and


Iˆx2 IxˆIy IxˆIz IxˆI
 I ˆI
Iˆy2
IyˆIz IyˆI 
 x y

TE = vvT = 
(4.2)

 IxˆIz IyˆIz
Iˆz2
IzˆI 
IxˆI IyˆI
IzˆI
Iˆ2
With regard to colour images, the ELST is adapted and becomes TE =
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T

wwT , where w = [ Ix0 Iy0 IR IG IB ] and I 0 = IR +I3G +IB :


(Ixˆ0 )2 Ix0ˆIy0
Ix0ˆIR Ix0ˆIG Ix0 ˆIB
 0ˆ 0
ˆ R I 0 yI
ˆ G I 0 yI
ˆB
 Ix Iy (Iˆy0 )2 I 0 yI



T

ˆ
2
0
0
ˆ
ˆ
ˆ
ˆ
TE = ww =  Ix IR I yIR
IR IG IR IB 
IR

 0ˆ

2
ˆ G IRˆIG
 Ix IG I 0 yI
IGˆIB 
IˆG
2
ˆ B IRˆIB IGˆIB
Ix0 ˆIB I 0 yI
IˆB

(4.3)

In the colour case, it would seem more natural to extend the classical
structure tensor to a 9 × 9 tensor T0E = w0 w0T , with
w0 = [ (IR )x

(IR )y

(IG )x

(IG )y

(IB )x

(IB )y

IR

IG

T

IB ]

(4.4)

However, this option was discarded because the directional derivatives of
the different channels are essentially the same for natural images, and
thus a tensor architecture so defined would contain redundant information.
The ELST contains valuable information for the discrimination between
different textures. However, having a 3 × 3 tensor (5 × 5 for colour images)
implies that the energy minimization has to be done in a higher dimensional space, which makes the process more difficult and may result in
multiple local minima. To overcome this disadvantage, it would be desirable to reduce the tensor size without losing valuable information. This
can be done using Principal Component Analysis (PCA) [99].
T

For scalar images, let us consider again the vector v = [ Ix Iy I ] ,
used to construct the ELST. Then we have a 3-dimensional data matrix
of size M × N × d, where M × N is the size of the image and d is the
dimension of the vector v (d = 3 for 2D gray-scale images). The same
data can be arranged as a 2-dimensional matrix X of size M · N × d,
where each row can be thought of as an observation. Using PCA, the
linear transformation is given by:
Y = XH

(4.5)

where Y is the derived M · N × d0 pattern matrix (d0 ≤ d), H is the d × d0
transformation matrix, the columns of which are the eigenvectors corresponding to the d0 largest eigenvalues of the d × d covariance matrix of
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the input data, X.
Applying this transformation, it is possible to obtain v0 = PCA(v) =
T
[ v10 v20 ] , which will be afterwards used to construct the nonlinear Compact Local Structure Tensor (CLST):
 ˆ0

(v1 )2 v10ˆv20
0
0 T
TC = v (v ) =
(4.6)
v10ˆv20 (vˆ20 )2
For colour images, the same procedure can be used to reduce the 5 × 5
extended structure tensor to the 2 × 2 CLST.
Cases may arise, however, in which valuable information is lost if the
dimensionality reduction is severe, especially for the colour case (5 × 5 to
2 × 2). This can be solved by applying a dimensionality reduction to a size
that keeps all the eigenvectors responsible for a minimum percentage of
the total variance. Then, using this procedure a structure tensor of variable size is obtained, which is called Adaptive Compact Local Structure
Tensor (ACLST).

4.3.2

Segmentation method

Taking into consideration the modified LST architectures just proposed,
let us now recall the energy functional described in Section 3.5.3, Eq.
3.49, that we reproduce here for the reader’s convenience:
E(C, T̄i , σi2 ) = −

2 Z
X
i=1


log pd,i d(T(x), T̄i ) dx

(4.7)

Ωi

This energy functional can be applied to the tensor field formed by one
of the proposed modified LST architectures, using an appropriate tensor
dissimilarity measure. As suggested by Lenglet et al., the J-divergence
(symmetrized version of the Kullback-Leibler distance) and the geodesic
distance will be employed.
Modeling the distances from the modified structure tensor in each pixel
to the mean value of the tensor field over the corresponding region as
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Gaussian distributions, the energy functional is then minimized by means
of an evolving level set φ, whose evolution equation will be
"
 !#
pd,2 d(T(x), T̄2 )
∂φ(x)
∇φ(x)
1

= δ (φ(x)) ν∇ ·
+ log
∂t
|∇φ(x)| 2
pd,1 d(T(x), T̄1 )

∇φ(x)
d2 (T((x)), T1 ) d2 (T((x)), T2 )
= δ (φ(x)) ν∇ · (
)−
+
|∇φ(x)|
σ12
σ22

2
σ
− log 12
(4.8)
σ2
The variances are updated with their empirical estimations:
Z
2
1
σi =
d(T(x), T̄i ) dx
|Ωi | Ωi

(4.9)

With regard to the mean values for the tensor field over both regions,
they need to be updated using Eq. 3.48 if the J-divergence is applied,
or following the iterative method described in Eq. 3.55 if the geodesic
distance is preferred.

4.4

Performance of the Modified LST
Architectures

In order to assess the performance of the proposed segmentation method,
and to compare it with the approaches by Wang & Vemuri and by Rousson, Brox et al., experiments have been conducted, both for gray-scale
and colour images, making use of public texture databases as well as
real-world images.

4.4.1

Experiments on synthetic textured images

The use of synthetic datasets to test our segmentation approaches is
motivated by the convenience of providing quantitative results over a sufficiently large number of cases. To that end, gray scale textures were
taken from the Bonn’s University dataset of Brodatz-like textures [39, 1]
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(see Figure 4.5(a), (b) for examples). Using these textures, each test image was created by combining the textures present in two images into a
single image with a mask, as can be also seen in Figure 4.5(c). This way,
100 images were created to make up our gray-scale synthetic test set.
Examples of such test images can be seen in Figure 4.5(e), (f).

(a)

(b)

(c)

(d)
Figure 4.5:

(e)

(a),(b) Sample images from the Bonn texture database; (d) Binary
mask used for the creation of the test sets; (e), (f) Sample images
from the gray data set.

With regard to the colour case, the Columbia-Utrecht Reflectance and
Texture Database (CUReT) was employed [59]. Some examples of this
textures can be seen in Figure 4.6. As in the previous case, a test set
was constructed with 100 test images, using a mask like the one before.
Samples 1 of the colour test images are shown in Figure 4.6.
Throughout the experimental work with synthetic images, the perfor1 The
whole
synthetic
datasets
http://www.lpi.tel.uva.es/∼rluigar/LSTtextures.
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(a)

(b)

(d)
Figure 4.6:

(c)

(e)

(a),(b) Sample images from the CUReT colour textures database;
(d) Binary mask used for the creation of the test sets; (e), (f)
Sample images from the colour data set.

mance of the segmentation process was measured in terms of a success
score, S, defined as follows:
S=

number of pixels correctly classified
total number of pixels

(4.10)

Clearly, 0 ≤ S ≤ 1. It is also worth mentioning that, for all the contouroriented experiments made, small circular contours all over the image
were taken as the initial contour (see Figure 4.7).
In Figure 4.8, a comparison of several methods is provided for grayscale images. In order to provide insight on both the robustness and the
accuracy of the different algorithms, results are presented in terms of the
25, 50, 75 and 95 of the success score S. In other words, we show what
the value of parameter S must be so that each percentage of the test images get a success score below (or equal to) this value. For example, for
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(a)
Figure 4.7:

(b)

Initial contours for the segmentation processes in gray-scale and
colour cases.

the 75 percentile, we indicate the value of S such that 75% of the images
get a success score lower than (or equal to) S. The perfect algorithm
would have all these percentiles equal to one, and the lower these values, the worse.
Results are shown in the figure for the following segmentation techniques: Wang’s ACWE over LST distances with J-divergence [217, 216];
GAR model (Gaussian distribution with uncorrelated channels) over 3 × 1
feature vector formed by the LST components [40, 191, 192]; GAR model
(Gaussian distribution with uncorrelated channels) over 4 × 1 feature vector formed by the LST components plus intensity [40, 191, 192]; GAR
model over LST distances with J-divergence. As can be seen, results
indicate, first, the superiority of the Gaussian model over the piecewise
constant model (ACWE) on the LST distances. As the Gaussian model
becomes the ACWE when variances are set to 1, therefore, it is a superset of the ACWE, this result was somewhat expected. Second, the GAR
model over LST distances outperforms the GAR model over the 3 × 1 feature vector formed by the LST components. This means that the tensor
processing of the LST yields better results than the vector processing of
that information. It was also expected, as processing the LST as a vector
implies ignoring its tensor architecture. Finally, it can be seen that including the intensity in the feature vector clearly improves the results, and the
resulting method becomes comparable to the tensor processing of the
LST that, however, does not include any intensity information.
Once the performance of the Gaussian GAR model over the LST dis-

72

New Insigths on Multidimensional Image and Tensor Field Segmentation
COMPARISON OF LST−BASED SEGMENTATION METHODS (GRAY IMAGES)

1

MEDIAN SUCESS SCORE

0.9

0.8

0.7

0.6
LST−DISTANCE−WANG
F. VECTOR 1x3
F. VECTOR 1x4
LST−DISTANCE−GAUSSIAN

0.5
25

50

75

95

PERCENTILE

Figure 4.8:

Comparative results, over the gray-scale images test set, of the
Gaussian GAR model over LST with J-divergence with previous
approaches: ACWE model over LST with J-divergence; Gaussian
GAR model over 3 × 1 and 4 × 1 feature vectors, without and with
intensity information, respectively.

tances has been compared with related methods that were proposed in
the literature, let us now evaluate the segmentation results of the modified structure tensor architectures that have been proposed earlier in this
chapter. In Figure 4.9, the conventional LST is compared with the extended and compact LSTs. It can be seen that the extended structure
tensor behaves similarly to the LST. With regard to the CLST, it is not
able to reach the results corresponding to the other two versions. It must
be noticed that the dimensionality reduction in the CLST implies an important loss of information, and it is probably a factor that explains the
poor results of the CLST on gray-scale images.
Generally speaking, the advantages of using the ELST or the CLST
are very much related to the importance of the intensity information for

73

New Insigths on Multidimensional Image and Tensor Field Segmentation
a given image. For the employed test set, however, the relevance of the
intensity information is quite low. As will be seen later for the colour case,
images where the intensity information is relevant are quite able to take
advantage of these tensor variants.

COMPARISON OF LST−BASED SEGMENTATION METHODS (GRAY IMAGES)

1

MEDIAN SUCESS SCORE

0.9

0.8

0.7

0.6
LST−DISTANCE−GAUSSIAN
ELST−DISTANCE−GAUSSIAN
CLST−DISTANCE−GAUSSIAN

0.5
25

50

75

95

PERCENTILE

Figure 4.9:

Comparative segmentation results, over the gray-scale test set, of
the Gaussian GAR model, using J-divergence, over LST, ELST
and CLST.

We will next focus on the results obtained on the colour test set. In Figures 4.10 and 4.11, comparisons are shown corresponding to the methods that were also analyzed in the gray-scale case. As before, Gaussian
GAR model over the LST distances shows a better performance than the
vector processing of the 3 × 1 feature vector or the ACWE model over
the LST distances. Incorporating the colour information into the feature
vector greatly improves the results, showing the great importance of this
information in our test set. Because of this, the LST variants show, in
general, a better behaviour than in the gray-scale case. Although the
ELST is not able to improve the results, and it indeed performs worse
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(the difficulty in performing the energy minimization process in a higher
dimensional space might be playing some sort of role), the compact structure tensor slightly outperforms the conventional LST 2 , and the ACLST
shows a clearly superior performance and is even able to obtain better
results than the vector processing on the 6 × 1 feature vector.
COMPARISON OF LST−BASED SEGMENTATION METHODS (COLOUR IMAGES)

1

MEDIAN SUCESS SCORE

0.9

0.8

0.7
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0.5
25
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75

95

PERCENTILE

Figure 4.10:

Comparative results, over the colour test set, of the Gaussian GAR model over LST with J-divergence with previous approaches: ACWE model over LST with J-divergence; Gaussian
GAR model over 3 × 1 and 6 × 1 feature vectors, without and
with colour information, respectively.

Having employed the different percentile values of parameter S in order to quantitatively analyze the segmentation results of the different approaches studied, it is helpful to derive an aggregate measure in order to
2 In the colour case, performing the energy minimization in the high dimensional
space given by the 5 × 5 tensors is probably too much a disadvantage for the ELST
to perform nicely, as this was not the case for the gray-scale images. Contrariwise
to the gray-scale case, the CLST benets from the dimensionality reduction and the
segmentation results improved.
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COMPARISON OF LST−BASED SEGMENTATION METHODS (COLOUR IMAGES)
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Figure 4.11:

Comparative segmentation results, over the colour test set, of
the Gaussian GAR model, using J-divergence, over LST, ELST,
CLST and ACLST.

get a final and fast overall comparison that helps corroborate our analysis. For this purpose, let us consider the cumulative distribution function
of the success score over the dataset, F (S). Ideally, for a hypothetical
perfect segmentation method this function would be a step function as
shown in Figure 4.12. For a real segmentation method, the closer F (S) is
to the ideal step function, the better the performance of the system will be
(see Figure 4.12, where Method 1 is the ideally perfect system, Method
2 performs better that Method 3 and so on). This similarity can be measured by means of the area under the curve (AUC) of the obtained F (S)
for each segmentation method. The lower the AUC, the better the performance of the segmentation method (in Figure 4.12, the AUC is coloured
for Method 2).
We have employed this described aggregate parameter AUC to compare the segmentation methods tested. In Tables 5.1 and 5.2, we show
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CUMULATIVE DISTRIBUTION FUNCTIONS OF S AND AREA UNDER THE CURVE

Segmentation method 1
Segmentation method 2
Segmentation method 3
Segmentation method 4
AUC for Segmentation method 2

1

0.8

FS(S)

0.6

0.4

0.2

0

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

S

Figure 4.12:

Cumulative distribution of S and Area Under the Curve (AUC).

the corresponding results for gray-scale and colour images, respectively.

Segmentation method
LST distances to mean values - Wang's ACWE
1x3 feature vector
1x4 feature vector
LST distances to mean values - Gaussian
ELST distances to mean values - Gaussian
CLST distances to mean values - Gaussian
Table 4.1:

AUC
0.6073
0.3592
0.3506
0.3440
0.3490
0.4235

AUC comparison for the dierent segmentation methods for gray
images.

Once the performance of the segmentation approach has been quantitatively assessed and all its variants have been compared with other
related methods, some results on real-world images will be shown next
for illustration purposes. In Figures 4.13 and 4.14, the segmenting contour obtained for the unsupervised segmentation over two gray-scale and
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Segmentation method
LST distances to mean values - Wang's ACWE
1x3 feature vector
1x6 feature vector
LST distances to mean values - Gaussian
ELST distances to mean values - Gaussian
CLST distances to mean values - Gaussian
ACLST distances to mean values - Gaussian
Table 4.2:

AUC
0.5967
0.3638
0.3187
0.3470
0.4600
0.3185
0.2475

AUC comparison for the dierent segmentation methods for colour
images.

two colour images are shown. These results were obtained using the
segmentation scheme that has been proposed in this chapter, working
on the compact structure tensor and using the J-divergence as tensor
dissimilarity measure.

Figure 4.13:

Results of the unsupervised segmentation of two dierent grayvalued images. Method: tensor GAR over CLST, J-divergence
distance used.

Even though remarkable results have been shown to highlight the nice
properties of our approach, it still presents some limitations. Figure 4.15
illustrates the segmenting contour obtained on a colour-valued real-world
image of a walking polar bear, in comparison with the obtained results
using the vector-processing approach of the LST plus the image components. The use of the CLST allows for a clear improvement of the segmentation with respect to that technique, but still is not able to correctly
delineate the right boundaries. Clearly, the left side of the bear’s face
is in shadow and, at the current scale, the skin texture does not provide
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Figure 4.14:

Results of the unsupervised segmentation of two dierent colourvalued images. Method: tensor GAR over CLST, J-divergence
distance used.

enough discriminative power.

(a)
Figure 4.15:

4.5

(b)

Results of the unsupervised segmentation of a colour-valued image. (a) Method: vector-valued GAR over 6 × 1 feature vector,
Gaussian approximation with uncorrelated channels, J-divergence
distance used; (b) Method: tensor GAR over CLST, J-divergence
distance used.

Summary

In this chapter, a segmentation approach for textured gray-scale and
colour images has been proposed. The method is based on the application of the GAR model on the distributions of the J-divergence distances
between the LST at each pixel and the mean values of the tensor field
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over each region. Gaussian distributions are assumed and an evolving
level set performs the segmentation in an iterative manner. Besides, modified structure tensor architectures have been proposed to incorporate the
intensity or colour information while keeping the nice tensor properties.
All in all, quantitative results over synthetic test sets composed of real
textures indicate that the proposed approaches are fully competitive with
other related techniques recently appeared in the literature and, in some
cases, they do show some advantages over them.
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5
Common GAR for tensor and
scalar processing
5.1

Introduction

In this chapter, we address the problem of segmenting textured images
using both the LST and the intensity or colour information under a common energy minimization framework. In a sense, the work presented
hereafter is very much related to the material presented in the previous
chapter, but the problem is focused from a different perspective.
In the preceding chapter, the superiority of the GAR model on the tensor distances over the piecewise constant model (ACWE) on the same
tensor distances was experimentally highlighted. Furthermore, it was
shown that this tensor processing of the LST also outperforms the vector processing of the tensor components, also under a GAR model with
Gaussian distributions. With regard to the inclusion of the intensity or
colour information on the structure tensor by means of the ELST, CLST or
ACLST, it was shown that these variants (the ELST is the best choice for
gray-scale images, whereas the ACLST yields the best results for colour
images) can slightly improve the segmentation performance when compared with the conventional LST.
However, the notable boost in the segmentation results that can be
noticed when adding the intensity or colour information in the form of a
feature vector, thus performing the segmentation in a vector domain, is
not replicated when adding this information in a tensor representation
through the modified tensor architectures. Results improve, but the limited extent of this gain suggests that the tensor coding of the intensity or
colour information is not completely appropriate, and therefore the benefits of adding this valuable source of information are, apparently, not fully
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exploited yet.
Instead of performing a vector processing of the feature vector formed
by the LST components and the intensity or colour, as done in [40, 191,
192], or performing the segmentation in the tensor domain with the use
of modified structure tensor variants that include the intensity or colour,
as proposed in the preceding chapter, we propose in this chapter a combined segmentation approach that gathers both information elements (LST
and intensity or colour) within a common energy minimization framework
that permits the choice of an adequate metric for each magnitude (as
a matter of fact, the convenience of a separate analysis of the texture
and the color information was defended in [137]). Additionally, an original method is also presented to dynamically adapt the relative weight of
these two pieces of information according to their respective discriminant
power.
With regard to the organization of the chapter, we next introduce the
proposed segmentation approach, which relies on the GAR model on the
distributions of the distances to the respective mean values. Then, Section 5.3 will be devoted to study the problem of balancing the relative
importance of the LST-based and the intensity or colour-based energy
terms in the segmentation, and the derivation of an adaptive technique
to automatically select this important parameter. Next, the results of the
experiments carried out on the test sets that have already been introduced in Chapter 4 will be provided, incorporating new comparisons with
other state-of-the-art segmentation methods in the literature. Finally, we
conclude with a brief summary of the material described in the present
chapter.

5.2

Common GAR framework

In order to provide an explanation of the combined segmentation approach proposed in this chapter, let us now recall that the segmentation
method employed in the preceding chapter was based on the application of the GAR model on the tensor distances between the tensor (LST,
ELST, CLST or ACLST) at each pixel or voxel and the mean value of the
tensor field over each region. Gaussian distributions were considered,
and intrinsic tensor dissimilarity measures such as the J-divergence or
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the geodesic distance could be used.

Now, we aim to take into account both the conventional LST and the
image intensity or colour under a common energy minimization framework, respecting the natural representations of each magnitude and applying appropriate dissimilarity measures to each of them. To that end,
the following hybrid energy term is proposed for minimization:
 Z
β1
E(Ω1 , Ω2 ) =
−
log pt,d,1 (dt (T(x), T1 ))dx
β1 + β2
Ω1

Z
log pt,d,2 (dt (T(x), T2 ))dx
−
Ω2
 Z
β2
+
−
log pc,d,1 (dc (I(x), µi )dx
β1 + β2
Ω1

Z
log pc,d,2 (dc (I(x), µ2 ))dx
(5.1)
−
Ω2

where pt,d,1 and pt,d,2 are the PDFs of the tensor distances (J-divergence
or geodesic distance are natural choices) in the LST domain, as seen in
Section 4.3.2, and pc,d,1 and pc,d,2 are the PDFs of the distances in the
image component domain. β1 and β2 are the relative weights of the LST
and components-based terms in Eq. 5.1.

The energy functional that has been proposed is based on the modeling of the distances between the image features at each pixel or voxel and
the mean values of these features over each of the segmenting regions.
In principle, this model is not dependent on the choice of the distance
metric, and therefore can be applied to both the texture features through
the LST and the image components. Then, the texture-based term and
the component-based term in the functional are commensurate, and fall
within a common formulation of the problem that allows for the use of
adequate distance measures for each kind of magnitude. Typically, the
J-divergence or the geodesic distance will be employed as tensor dissimilarity measures, and Euclidean distance will be applied to the image
components.

The minimization of the energy functional is performed by means of an
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evolving level set, the evolution equation of which is:
 2
R
σt,i = |Ω1i | Ωi d2t (T(x), Ti )dx


R


2

σc,i
= |Ω1i | Ωi d2c (I(x), µi )dx




 ∂Φ(x)
∇Φ
= δ(Φ) ν∇ · ( |∇Φ|
)
∂t
h
2 i
2

σt,1
dt (T(x),T1 )
d2t (T(x),T2 )
β1


−
−
+
−
log
2
2
2

β1 +β2
σt,2
σt,2

h 2 σt,1

2 i
2

σ
dc (I(x),µ1 )
d (I(x),µ )

 − β2
+ c σ2 2 − log σc,1
2
β1 +β2 −
σ2
c,1

5.3

c,2

(5.2)

c,2

Relative weighting of the tensor and
image components

If β1 = β2 , the LST and the image components are equally weighed.
However, the discriminant power of the texture features versus the image intensity or colour varies enormously depending on each particular
image. In order to account for this situation, it is possible to adaptively
adjust this parameter depending on the relative discriminant power of the
LST and components terms 1 .
Different approaches for the combination of texture and intensity information for image segmentation have been proposed recently in the literature. In [41], a technique is devised to measure the local scale based on
a property of the total variational flow. This novel feature is added to the
intensity and the components of the structure tensor to perform the segmentation in a feature space of dimension 5. This method incorporates
the local scale as a valuable new feature to describe textures, but does
not balance the importance of the different kinds of information for each
particular image.
The estimation of the relative importance of both types of features is
also related to the problem of the structure-texture decomposition of images, which is an important issue in the literature [86, 20], specially for
denoising purposes. Usually, image decomposition is performed via an
energy minimization process. This kind of decomposition still needs an
1 Strictly speaking, varying β , i = {1, 2}, makes the objective function in Eq. 5.1
i
change. However, empirical evidence favours this approach as results in Section 5.4
indicate.
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initial guess of the splitting parameter between the geometrical and textural components and is beyond of the scope of this thesis. Other efforts
on measuring the discriminative power of the different channels are those
in [19, 46, 195]. In [19], a supervised classification method was designed
for images containing both textured and non-textured parts, based on a
texture-structure decomposition of the image. The global segmentation is
performed by combining the segmentation results for the geometrical and
textured components using a logical framework. However, it is necessary to know what the logical combination of the geometrical and textural
patterns into the different classes should be, thus making this approach
strongly supervised. In [46], Cardelino et al. considered the PDFs of
the different feature channels in both regions Ω1 and Ω2 and computed
their Kullback-Leibler (J-divergence) distance. A large value for that distance belonging to a particular channel means that the channel provides
good discrimination power. However, in our case the pieces of information
used are not directly comparable in terms of the same distance function
(the Euclidean distance for the image components is a bounded quantity, since components themselves are bounded, whereas the KullbackLeibler or geodesic distance for the LST information is not). Besides, in
this work the previous slice of the volume data is employed for this procedure, since a correct distinction between both regions is needed. This
information, however, is not available, generally speaking. With regard to
the work by Sandberg et al. [195], the variations on the different features
between both regions are considered as a criterion to discriminate among
the feature channels. Again, this approach needs all channels be commensurate, which, as previously stated, is not our case. Consequently,
an alternative procedure has been designed for the estimation of β1 and
β2 . In order to do so, let us first consider the following expression:
Z ∞
Q=
min(p1 (x), p2 (x))dx
(5.3)
−∞

where p1 (x) and p2 (x) are the resulting PDFs when considering two
Gaussian distributions with zero mean and T1 and T2 as covariance matrices, respectively. Indeed, Q is a measure of the overlap between both
distributions, and 0 ≤ Q ≤ 1. As β1 must be a measure of the discriminative power of the LST-based term in the segmentation method, it can be
chosen to be
Z ∞
(5.4)
β1 = 1 − Q = 1 −
min(p1 (x), p2 (x))dx
−∞
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This function constitutes a valid metric for the distributions used in this
thesis, as demonstrated in Appendix B. If the mean tensors over regions
Ω1 and Ω2 , T1 and T2 respectively, are substantially dissimilar, the overlapping between both distributions will be small, and therefore β1 will be
high, favouring the LST-based term.
With respect to β2 , and in order to reflect the discriminant power of the
components’ term, the Euclidean distance between the mean values over
regions Ω1 and Ω2 , µ1 and µ2 respectively, can be employed:
β2 = dc (µ2 , µ2 )

(5.5)

If the image components are normalized to 1, for gray-scale images β2
will also be naturally normalized (0 ≤ β2 ≤ 1). For the colour case, a
straightforward normalizing factor is applied.
Finally, it is worth noticing that the combined adaptive segmentation
proposed in this section can also take into account other texture feature
extractors but the LST, such as Gabor filters, for instance [195]. In that
case, however, an appropriate distance measure must be employed for
the particular feature space, together with a suitable choice for the balancing parameter β1 .

5.4

Experimental results

In this section, the performance of the proposed method is tested and
validated. Furthermore, we compare our approach with several related
as well as other non-related approaches described in the literature. As in
the preceding chapter, an effort has been made in order to provide objective and quantitative results. Additionally, results will be shown on real
images in order to illustrate the practical use of our methods.
For both the gray-scale and colour images, the Bonn’s University dataset
and the CUReT dataset [1, 59] were respectively employed, as in Chapter 4.
The proposed adaptive combined segmentation algorithm, based on
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the combination of a Gaussian GAR model over the LST with J-divergence
and a Gaussian GAR model on the intensity or colour with Euclidean distance (this approach will be referred to as AC), has been first compared
with some of the methods described in Chapter 4. In Figures 5.1 and 5.2,
results are shown for the indicated approaches, for both the gray-scale
and the colour cases.

ADAPTIVE COMBINED SEGMENTATION Vs OTHER LST−BASED APPROACHES (GRAY−LEVEL IMAGES)
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Figure 5.1:

Comparative results, for the gray-level test set, of the AC method
and other LST-based approaches. LST, ELST, CLST and ACLST.

Besides the related contour-oriented approaches for the segmentation
of textures based on the LST, a considerable number of other studies
have been carried out in the literature [18, 33, 34, 95, 101, 178, 195] with
regard to texture image segmentation. However, most of them are not
easily comparable with the approaches that are presented here, because
they are either supervised methods, pixelwise classification approaches
or have been designed for multiple classes, as opposed to being a twoclass, unsupervised and contour-oriented method, as it is our case. Nevertheless, we have performed a quantitative comparison between the pro-
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ADAPTIVE COMBINED SEGMENTATION Vs OTHER LST−BASED APPROACHES (COLOUR IMAGES)
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Figure 5.2:

Comparative results, for the colour-level test set, of the AC method
and other LST-based approaches. LST, ELST, CLST and ACLST.

posed method and some state-of-the-art algorithms for texture segmentation.
First, segmentation based on K-means and Fuzzy C-means clustering
algorithms was performed, where the image components plus the LST
components were taken as features (1 × 4 feature vector for gray-level
images and 1 × 6 feature vector for colour images). As the segmentation
obtained with clustering algorithms will have a spotty appearance, these
procedures are followed by a majority voting operation in order to achieve
smoother results.
Second, we tested our method against the widely-known texture segmentation method proposed by Bouman and Shapiro [34]. Their innovative segmentation approach is inherently supervised, as it requires a
prior training step for the estimation of the model parameters. Therefore,

88

New Insigths on Multidimensional Image and Tensor Field Segmentation
and in order to make comparisons possible, we have recreated an unsupervised version, where a K-means clustering algorithm is applied first in
order to construct the training set of pixels belonging to both classes (see
Appendix C for details).
The results corresponding to the comparison of all these approaches
are graphically shown in Figures 5.3 and 5.3 for the gray-scale and colour
datasets. As before, we provide the percentile values for the success
score S.
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Figure 5.3:

Comparative results of the AC segmentation approach and other
texture segmentation approaches, for the synthetic gray-level
dataset.

The analysis of the obtained results allows us to discuss a number of
interesting issues. First, when compared to the previous LST-based approaches [62], Chapter 4 (Figures 5.1 and 5.2), the adaptive combined
segmentation method shows a significant performance improvement. It
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ADAPTIVE COMBINED SEGMENTATION Vs OTHER APPROACHES (COLOUR IMAGES)
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Figure 5.4:

Comparative results of the AC segmentation approach and other
texture segmentation approaches, for the synthetic colour dataset.

can be seen that the AC method proves to be more robust (as can be
seen in the 25 and 50 percentile values) as well as more accurate in the
best-case scenarios (see the 75 and 95 percentile values). These methods, as seen in the previous chapter, benefit from the use of intrinsic dissimilarity measures between tensors, such as the KL distance. However,
the conventional LST does not include any intensity or colour information,
while the ELST and CLST do incorporate this valuable information, but
its tensor coding somehow penalizes its usage. All in all, the combined
approach (AC) outperforms all the previous approaches and achieves the
best results. This is probably due to the fact that this approach employs a
natural representation for the texture information, i.e. the structure tensor
and its intrinsic distances, and so does with the components information,
i.e. the Euclidean distance. The approaches based on the modified LST
variants succeed at merging both kinds of information in a single tensor
representation scheme, but by doing so they de-naturalize some of this
information.
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Comparison with other well-known segmentation approaches in the literature also demonstrates that our methods are fully competitive, as seen
in Figures 5.3 and 5.4. K-means or Fuzzy C-means clustering on the
LST components are not as robust as the AC method, although they can
be extremely precise in the best-case scenarios, specially in the colour
case. With regard to Bouman’s segmentation method, results show a remarkable accuracy in the best-case scenarios. The adaptive combined
segmentation method shows a slightly better overall performance for the
gray-scale case, and a much better robustness for the colour case.
Once the adaptive combined segmentation approach has behaved as
fully competitive with other methods, it is worth gaining some insight on
the influence of the adaptive technique used for the estimation of β1 and
β2 (see Section 5.3). In Figures 5.5 and 5.6 we compare, for both grayscale and colour images, the results for the adaptive approach versus
that of a non-adaptive approach that employs β1 = β2 = 0.5. Results
show that, for both datasets, employing an adaptive scheme allows an
improvement in the segmentation performance. It must be noticed that,
as a blind initialization (small circular contours all over the image) has
been employed for these experiments, the first few iterations of the segmentation process are performed using a fixed value of β1 = β2 , as the
estimation of both weights is based on the present state of the segmentation process. Therefore, the advantages of the AC segmentation could
probably be further exploited if a prior coarse segmentation step were
used for initialization purposes, or within a supervised segmentation scenario.
The different algorithms tested have been compared in terms of the
percentiles of the success score, S. It is worth mentioning, however,
that this quality parameter tends to produce a negative bias in contouroriented algorithms, due to the smoothing applied to the contour. This
smoothing effect can be appreciated, for example, in the well-known real
image shown in Figure 5.7. For this image, the AC method achieves a
remarkable segmentation accuracy but, if we focus on the segmenting
contour between the front and back legs of the zebra, it can be noticed
that the smoothing prevents the contour to be completely precise in this
area, as opposed to Bouman’s segmentation method, for example, which
is pixel-oriented. This negative bias helps explain why the AC method is
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ADAPTIVE COMBINED Vs NON−ADAPTIVE COMBINED SEGMENTATION (GRAY−LEVEL IMAGES)
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Figure 5.5:

Comparative results of the AC approach and a non-adaptive counterpart, in which β1 = β2 , for the synthetic gray-level test set.

not able to produce the extremely high values of S in the best-case scenarios that pixel-oriented methods can get.
Besides of employing the different percentile values of parameter S in
order to quantitatively analyze the segmentation results of the different
approaches studied, we also show the aggregate measure AUC, whose
computation and interpretation were given in Section 4.3.1. In Tables
5.1 and 5.2, we show the corresponding results for gray-scale and colour
images, respectively.
As can be seen from the tables, the AC segmentation method proposed in this chapter achieves a better overall performance in terms of the
aggregated AUC indicator both for gray-scale and colour images, which
confirms the previous analysis based on the percentile values of S.

92

New Insigths on Multidimensional Image and Tensor Field Segmentation
ADAPTIVE COMBINED Vs NON−ADAPTIVE COMBINED SEGMENTATION (COLOUR IMAGES)
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Figure 5.6:

Comparative results of the AC approach and a non-adaptive counterpart, in which β1 = β2 , for the synthetic colour test set.

Even though synthetic images allow us to precisely and quantitatively
determine the goodness of a segmentation method and enable a direct
comparison with related approaches, the use of real images can also
provide insight about the segmentation performance. In Figure 5.7, we
show the segmentation results on two well known real-world gray-scale
images.
In Figure 5.8, we show a comparison of the segmentation results using
the LST, ELST, CLST and AC approaches on a real-world gray-scale image. As can be seen, the three first approaches have trouble with certain
types of images because they do not make a proper use of the information present in the image components. In Figure 5.9, we compare our result shown in Figure 5.7 (left image) with different results obtained using
the K-means clustering method described before, as well as Bouman’s
segmentation method. Results illustrate some limitations of these two
approaches.
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Segmentation method
Adaptive β1 and β2
Non adaptive β1 and β2
Bouman's method
LST, distances to mean values - Gaussian
ELST, distances to mean values - Gaussian
CLST, distances to mean values - Gaussian
K-Means
Fuzzy C-Means
Table 5.1:

AUC comparison for the dierent segmentation methods for gray
images.

Segmentation method
Adaptive β1 and β2
Non adaptive β1 and β2
Bouman's method
LST distances to mean values - Gaussian
ELST distances to mean values - Gaussian
CLST distances to mean values - Gaussian
K-Means
Fuzzy C-Means
Table 5.2:

AUC
0.3230
0.3660
0.3545
0.3440
0.3490
0.4235
0.5335
0.5315

AUC
0.2100
0.2230
0.3410
0.3470
0.4600
0.3185
0.2880
0.2520

AUC comparison for the dierent segmentation methods for colour
images.

Figure 5.7:

Segmentation results with some real-world gray-scale images.

As for colour real-world images, several examples of the segmentation
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Figure 5.8:

(a)
Figure 5.9:

(a)

(b)

(c)

(d)

Segmentation results on a real image using LST, ELST and CLST
(a, b, c respectively); AC method (d).

(b)

(c)

Segmentation results with the well-known zebra image using: KM
on the ltered image (ltering using nonlinear diusion with
LST information to compute diusivity) plus majority voting (a);
Bouman's segmentation method (b); AC scheme (c).

results obtained with the AC approach are shown in Figure 5.10, showing that our scheme is able to successfully deal with the unsupervised
segmentation of very heterogeneous images.
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Figure 5.10:

5.5

Segmentation results on several colour real images employing the
AC method (KL distance on the LST).

Summary

This chapter has introduced a combined approach for the segmentation of
textured gray scale or colour images. Instead of considering the texture
features isolatedly, as done before in the literature, or merging the LST
and the intensity or colour information into a unique representation form
(either vector [40, 191, 192] or tensor, see Chapter 4), texture and image
components are jointly considered respecting their most natural representation form, i.e. the structure tensor and a vector, respectively. Based
on these representation schemes, an energy term was defined based on
the GAR model on the distribution of the distances to the mean values,
and considering intrinsic distance measures for both. The functional is
minimized within a level set framework to perform the segmentation, and
thus its extension to higher dimensional images is straightforward. An
adaptive weighting algorithm was also proposed that balances the relative importance of the two energy terms depending on their respective
discriminant power.
The extensive experimental work showed that the proposed scheme
is able to yield excellent results, even outperforming the ones obtained
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using a tensor processing of the structure tensor and its advanced architectures that were proposed before in this thesis. Therefore, the methods
proposed can be considered as a further refinement towards an image
segmentation approach that adaptively takes into account both the texture and the intensity or colour information.
A few words about limitations of the algorithm are of importance; first,
it must be noticed that, since the method is contour oriented, regularization constraints are needed in order to achieve smooth results. These
constraints, however, prevent the segmentation from being completely
accurate in the presence of sharp corners. This has been highlighted
in some of the experiments described in the previous section. Second,
we have assumed that the texture characterization by means of the LST
is appropriate in terms of scale and our attention has been focused on
finding the balance of the energy terms proposed.
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6
Mixtures of Gaussians on
tensor fields
6.1

Introduction

In this chapter we present a new model for the segmentation of tensor
fields, based on the definition of mixtures of Gaussians on tensor fields
as a parametric method to approximate the PDF of the tensor data. The
definition of the Gaussian mixtures departs from the introduction of Gaussian distributions for tensor data in [126, 123, 122], described in Section
3.5.4. The model here introduced is, consequently, a generalization of
the former proposals, and it is aimed at providing more flexibility in the
segmentation and the capability to deal with more complex distributions
in the data.
The estimation of the corresponding parameters of the Gaussian mixtures on tensors will be also addressed. As the definition of the Gaussian
PDFs depends on the choice of a tensor distance, so will the estimation
of the parameters of the mixtures. A method will be developed in order to
accomplish such an estimation.
Using the mixtures of Gaussians for tensors, together with their scalar
or vector-valued counterparts, a segmentation approach will be presented
for natural images based on a common energy formulation that combines
the intensity and the texture information through a GAR model. In this
sense, the proposed method supposes a further refinement of the segmentation technique presented in the preceding chapter, as it is grounded
on the statistical modeling of the actual data instead of the distributions
of the distances of a preselected feature with respect to the mean value
of the estimated features.
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Furthermore, modeling the statistical distribution of the actual data will
allow us to define Kullback-Leibler distances between the estimated distributions. These distances will be employed for the estimation of the
weighting parameters that balance the relative importance of the intensity and LST-based terms in the segmentation. Since the integration in
the tensor domain that is needed to compute the distances seems unfeasible, a method to approximate these distances will be devised based on
Montecarlo simulations.

The presented segmentation methods will be tested and compared
with other LST and non LST-based segmentation approaches, with a focus on supervised segmentation. This new focus is natural, since the
ability of the Gaussian mixtures to precisely fit the data makes them particularly suitable for supervised segmentation, where training regions are
available for the estimation of the parameters of the mixtures. However,
the use of Gaussian mixtures for unsupervised segmentation in an EM
context must be tackled carefully, because this ability to fit the data may
also result in an inability to generalize and evolve as the segmentation
progresses, as would be needed for unsupervised segmentation. Besides, further experimentation will be performed for the medical applications considered in the third part of this thesis, which indeed constitute
challenging benchmarks for the method proposed here.

With regard to the organization of the chapter, in next section we introduce the concept of mixtures of Gaussians on tensor fields. The important issue of the estimation of the parameters of the mixtures will be
studied afterwards. In Section 6.4, the segmentation method for natural images using a combination of Gaussian mixtures on tensors and on
the intensity will be presented and described. Section 6.5 focuses on
the calculation of the KL distances between the distributions given by the
Gaussian mixtures in order to obtain the weighting parameters β1 and
β2 . Experimental work showing the performance of the proposed methods will follow and, finally, the main conclusions of this chapter will be
summarized.
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6.2

Mixtures of Gaussians on tensor
fields

6.2.1

Gaussian probability density function of
tensors

Let us consider the definition of Gaussian distributions between tensors
introduced by Lenglet et al. in [126, 123, 122] and described in this thesis
in Section 3.5.4. Following this definition, the PDF for a certain tensor T
belonging to the manifold S + (n, R) of the real n × n SPD matrices is:


1
ϕ(β i )T Λ−1 ϕ(β i )
p(Ti |T̄, Λ) = p
exp −
(6.1)
2
(2π)d |Λ|
where T̄ is the empirical mean of the tensor field over a set of N tensors,
Λ is the associated covariance matrix, whose size is d × d, with d the
number of free components in a n × n tensor (for 2 × 2 tensors, d = 3,
whereas for 3 × 3 tensors, d = 6). The symmetric matrix β i depends on
the chosen metric Dx and is given by β i = −∇Ti Dx (Ti , T̄). Finally, the
map ϕ : S + (n, R) 7→ Rd associates to each matrix β i its d independent
components.
As can be seen, for this Gaussian formulation a metric must be chosen to measure the dissimilarity between tensors. In [126, 123, 122], the
Frobenius norm of the difference of tensors, the J-divergence and the
geodesic distance (see Chapter 3.5.3) were tested, and empirical evidence showed that the geodesic distance outperforms the other two distances, while the J-divergence performs also better than the Frobenius
norm.
Once a metric has been chosen, the definition of the PDF is based
on the usage of the vector ϕ(β i ). Grounded on Riemannian geometry,
β i is the initial velocity of the geodesic joining T̄ and Ti , and is later expressed in local coordinates, that is, taken to the d-dimensional vector of
coordinates ϕ(β i ) (see [126, 123] for details). In Table 6.1, the definitions
of the Frobenius, Kullback-Leibler based J-divergence and geodesic distance are given, together with their associated values for β i .
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Distance
Frobenius norm
J-divergence
Geodesic
Table 6.1:

D2 (Ti , T̄)
trace((T̄ − Ti )(T̄ − Ti)T ) 
1
−1
Ti + T−1
d
i T̄ − 
4 trace T̄
2
1
−1/2
−1/2
trace
log
T̄
T
T̄
i
2

∇Ti D2 (Ti , T̄) = −β i
T̄ − Ti

−1
1
−1
−1
Ti T̄
T
i − T̄
4

T̄ log T−1
i T̄

Squared distances and their gradient for T̄ and Ti .

It is interesting to note that, if the Frobenius norm is employed, the resulting Gaussian PDF is equivalent to the one obtained from the vector
processing of the free components of the tensor.
As for the estimation of the parameters of the distributions, the empirical mean tensor T̄ over a set of N random tensors Ti is defined as the
minimizer of the expectation of the squared distances between a tensor
T and each element:
N


1 X 2
E D2 (T, Ti ) ≈
D (T, Ti )
N i=1

(6.2)

As seen in Section 3.5.4, there are closed-form expressions for the mean
tensor using the Frobenius and the J-divergence distances, whereas an
iterative algorithm must be employed for the geodesic distance.
With regard to the empirical covariance matrix Λ, it is estimated by
means of
N
1 X
Λ=
ϕ(β i )ϕ(β i )T
(6.3)
N i=1
Other efforts have been made in the literature on the statistical characterization of tensor fields. In [76], a method was developed for producing
averages and modes of variation in the space of SPD matrices. In [24],
the authors use the tensor contraction operation, applied to fourth- and
second-order tensors in the exponent of a normal distribution for tensorvalued data. However, only when the fourth-order tensor is isotropic, a
explicit analytic expression for the PDF can be obtained. In [13, 14], the
Log-Euclidean framework is proposed for tensor computations by means
of Euclidean computations in the domain of matrix logarithms, allowing
the definition of geometric means with interesting invariance properties.
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6.2.2

Mixtures of Gaussians on tensors

Starting from the definition of Gaussian PDF over tensor fields proposed
in [126, 123, 122] and revisited in the preceding section as well as in Section 3.5.4, we will define a new PDF composed of a mixture of Gaussians.
For a mixture of K Gaussians, the PDF for a tensor Ti will be:
!
K
X
ϕ(β i,k )T Λ−1
1
k ϕ(β i,k )
αk p
p(Ti |Θ) =
exp −
(6.4)
2
(2π)d |Λk |
k=1

where we denote by Θ the set of parameters: αk , k = 1, . . . , K are the
mixing probabilities of the different components of the mixture, and each
Gaussian distribution is characterized by its mean tensor T̄k and its covariance matrix Λk .
In order to estimate the parameter vector Θ, a Maximum Likelihood
(ML) approach by means of the EM algorithm will be followed, as it is
customary for Gaussian mixtures. This issue will be addressed in the
following section.

6.3

Parameter estimation

This section is devoted to the derivation of an EM algorithm for the estimation of the parameter vector Θ that characterizes the mixture of Gaussians in Eq. 6.4. First, and in order to provide insight on the proposed
approach, we revisit the MLE (Maximum Likelihood Estimator ) for both
scalar and vector-valued Gaussian distributions. Next, we will discuss
the ML estimation of the parameters for a single Gaussian distribution on
tensors, and will finally derive the EM algorithm for the mixture of Gaussians on tensor fields.

6.3.1

MLE in scalar or vector Gaussian distributions

ML estimation is a statistical method for the estimation of the parameters
of the underlying probability distribution from a given set of data [112, 5].
Given a set of N points in d dimensions, X = {x1 , . . . , xN } ∈ Rd , and a
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family P of PDFs on Rd , we aim at finding the PDF p(x) ∈ P that is most
likely to have generated the given points.
For the estimation of the parameters of the Gaussian distribution, the
functions in PG are the Gaussian PDFs parametrized by Θ = {µ, Λ}:


1
1
T −1
p(x|Θ) = p(x|µ, Λ) = p
exp − (x − µ) Λ (x − µ) (6.5)
2
(2π)d |Λ|
Now, the likelihood of a certain PDF p(x|Θ) belonging to the family PG of
Gaussian distributions for the observed dataset X:
L(Θ) = p(x1 , . . . , xN |Θ)

(6.6)

If the random draws in the generative model are independent of each
other, the likelihood function becomes
L(Θ) =

N
Y

p(xi |Θ)

(6.7)

i=1

Then, the MLE of Θ, denoted by Θ̂, is the value of Θ that maximizes
L(Θ):
(6.8)
Θ̂ = arg max L(Θ)
Θ

MLE for scalar Gaussian distributions
For scalar Gaussian distributions, we aim at estimating the parameters
µ and σ 2 that maximize the likelihood L(Θ) = L(µ, σ 2 ). Instead of directly maximizing the likelihood, and as the logarithm is a monotonically
increasing function, the log-likelihood is usually maximized. Then, for
scalar Gaussian distributions, we get:
log L =

N
X

log p(xi |Θ) =

i=1

N
X

log p(xi |µ, σ 2 )

i=1




N 
X
1 (xi − µ)2
1
=
log √
−
2
σ2
2πσ 2
i=1
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N 
X
1
1 (xi − µ)2
2
=
− log(2πσ ) −
2
2
σ2
i=1

(6.9)

Now, for the maximization of the log-likelihood, its derivatives with respect
to the parameters µ and σ 2 are obtained and set equal to zero. For the
mean value µ we have
(N 
)
∂
∂ X
1
1 (xi − µ)2
2
(log L) =
− log(2πσ ) −
∂µ
∂µ i=1
2
2
σ2
=

N
X
1
2(xi − µ) = 0
2
2σ
i=1

(6.10)

which is equivalent to
N
X

(xi − µ) = 0

(6.11)

i=1
N
X

!
xi

− Nµ = 0

(6.12)

i=1

µ̂ =

N
1 X
xi
N i=1

(6.13)

The expression obtained in Eq. 6.13 is the well-known ML estimation for
the mean value.

With regard to the variance σ 2 , the derivation of the MLE is as follows:
(N 
)
1
1 (xi − µ)2
∂ X
∂
2
− log(2πσ ) −
(log L) =
∂σ 2
∂µ i=1
2
2
σ2
=

N
X
i=1

−

1 1
1
1
2π + (xi − µ)2 2 2 = 0
2 2πσ 2
2
(σ )

This is equivalent to the following expressions
!
N
X
(xi − µ)2
N
− 2 =0
2
2
(σ )
σ
i=1
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N
X

!
2

− σ2 N = 0

(xi − µ)

(6.16)

i=1

σ̂ 2 =

N
1 X
(xi − µ)2
N i=1

(6.17)

MLE for vector Gaussian distributions
The derivation of the ML parameter estimation for vector (multivariate)
Gaussian distributions is indeed analog to the scalar case, but its derivation requires some more work and the use of some equalities regarding
matrix derivatives. Indeed, the log-likelihood we seek to maximize is
log L =

N
X

log p(xi |Θ) =

N
X

log p(xi |µ, Λ)

i=1

i=1

"

#
1
T −1
− (xi − µ) Λ (xi − µ)
log p
=
2
(2π)d |Λ|
i=1


N
X
1
1
d
T −1
=
− log((2π) |Λ|) − (xi − µ) Λ (xi − µ) (6.18)
2
2
i=1
N
X

1

!

Taking the derivative of the log-likelihood with respect to the mean vector
µ, we obtain
(N 
)
∂ X
1
1
∂
d
T −1
(log L) =
− log((2π) |Λ|) − (xi − µ) Λ (xi − µ)
∂µ
∂µ i=1
2
2

N 
X

1 ∂ 
=
−
(xi − µ)T Λ−1 (xi − µ)
(6.19)
2 ∂µ
i=1

∂
Using the fact that ∂θ
aT Qa = 2
of θ and symmetric, we get
∂
(log L)
∂µ

=

=

∂ T
∂θ a



Qa, provided Q is independent




N 
X
1 ∂
−
(xi − µ)T Λ−1 (xi − µ)
2 ∂µ
i=1
N
X
1
i=1

2

Λ−1 (xi − µ)
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Setting the derivative equal to 0, we indeed get
µ̂ =

N
1 X
xi
N i=1

(6.21)

As for the covariance matrix, we rewrite the form (xi − µ)T Λ−1 (xi − µ) as
the trace of a 1 × 1 matrix. Then, making use of the fact that trace(AB) =
trace(BA), we get that (xi − µ)T Λ−1 (xi − µ) = trace(Λ−1 (xi − µ)(xi −
µ)T ). In the following, let us also denote Si = (xi − µ)(xi − µ)T . Then,
the derivative of the log-likelihood with respect to the covariance matrix Λ
is
(N 
)
X
∂
∂
1
1
(log L) =
− log((2π)d |Λ|) − (xi − µ)T Λ−1 (xi − µ)
∂Λ
∂Λ i=1
2
2
= −

N

1X ∂
N ∂
(log(|Λ|)) −
trace(Λ−1 Si )
2 ∂Λ
2 i=1 ∂Λ

= −

N −T 1 X −2
Λ +
Λ Si
2
2 i=1

N

(6.22)

If we set the derivative equal to zero, we get that
NΛ =

N
X

Si

(6.23)

i=1

and therefore
Λ̂ =

6.3.2

1
1
Si = (xi − µ)(xi − µ)T
N
N

(6.24)

MLE in tensor Gaussian distributions

In order to derive the EM estimations for the mean tensor T̄ and the covariance matrix Λ, we first show the log-likelihood we need to maximize,
related to the definition of the Gaussian PDF in Eq. 6.1:
log L =

N
X
i=1

log p(Ti |Θ) =

N
X
i=1
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#
1
T −1
=
log p
− (ϕ(β i )) Λ (ϕ(β i ))
2
(2π)d |Λ|
i=1

N 
X
1
1
=
− log((2π)d |Λ|) − (ϕ(β i ))T Λ−1 (ϕ(β i )) (6.25)
2
2
i=1
N
X

"

!

1

The derivative of the log-likelihood with respect to the mean tensor:
N

∂
1X ∂ 
(log L) = −
(ϕ(β i ))T Λ−1 (ϕ(β i ))
2 i=1 ∂ T̄
∂ T̄

(6.26)

As the relationship between ϕ(β i ) and T̄ is not simple, and depends on
the employed distance, the derivative we need to perform is not easy to
compute. Instead, we will reconsider the Gaussian density function as
p(ti |t̄, Λ), where ti is a vector composed of the free components of the
tensor Ti and t̄ is the corresponding mean vector . Then, and recalling
that we have ϕ(β i (T̄)) : S(n) → S(n) → Rd , we can directly express the
dependence of ϕ as ϕi (t̄) : Rd → Rd . Now, we can reformulate Eq 6.26
as follows
N

∂
1X ∂ 
(log L) = −
(ϕi (t̄))T Λ−1 (ϕi (t̄))
∂ t̄
2 i=1 ∂ t̄

(6.27)

For each element i we have

 ∂ϕi
∂ 
∂ 
(ϕi (t̄))T Λ−1 (ϕi (t̄)) =
(ϕi (t̄))T Λ−1 (ϕi (t̄))
∂ t̄
∂ϕi
∂ t̄

(6.28)



∂ϕ
∂
(ϕi (t̄))T Λ−1 (ϕi (t̄)) = (ϕi (t̄))T Λ−1 . With respect to ∂ t̄ i ,
Indeed, ∂ ϕ
i
it depends on the choice of the tensor distance. Therefore, a closed-form
expression for the mean tensor cannot be obtained in general, and a numerical approximation must be made given a tensor size and a chosen
metric.

If the Frobenius distance is applied, however, a closed-form expression
can indeed be obtained, which turns out to be equivalent to the wellknown least square estimation of the mean tensor. In order to illustrate
this, let us consider a Gaussian distribution on 2 × 2 tensors. As seen in
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Table 6.1, β i = Ti − T̄:


ti,11 − tm,11
ti,21 − tm,21

βi =

ti,12 − tm,12
ti,22 − tm,22



(6.29)

Obviously, β i is symmetric. Therefore, if we get the free components in
order to form ϕ(β i ) we obtain


ti,11 − tm,11
ϕi (t̄) = ϕ(β i ) =  ti,12 − tm,12 
(6.30)
ti,22 − tm,22
The derivative

∂ ϕi (t̄)
∂ t̄
2

6
∂ϕi (t̄)
6
=6
4
∂ t̄
2
=

6
6
4

∂
∂tm,11
∂
∂tm,11
∂
∂tm,11

is then:

∂ϕi,1
∂tm,11
∂ϕi,2
∂tm,11
∂ϕi,3
∂tm,11

∂ϕi,1
∂tm,12
∂ϕi,2
∂tm,12
∂ϕi,3
∂tm,12

(ti,11 − tm,11 )
(ti,12 − tm,12 )
(ti,22 − tm,22 )

∂ϕi,1
∂tm,22
∂ϕi,2
∂tm,22
∂ϕi,3
∂tm,22

∂
∂tm,12
∂
∂tm,12
∂
∂tm,12

3
7
7
7
5

(ti,11 − tm,11 )
(ti,12 − tm,12 )
(ti,22 − tm,22 )

(6.31)

∂
∂tm,22
∂
∂tm,22
∂
∂tm,22

(ti,11 − tm,11 )

3

7
(ti,12 − tm,12 ) 7 = −I3
5
(ti,22 − tm,22 )

Using this result, Eq. 6.27 turns into

∂ 
(ϕi (t̄))T Λ−1 (ϕi (t̄)) = −(ϕi (t̄))T Λ−1
∂ϕi

(6.32)

and the derivative of the log-likelihood yields
N


∂
1 X
(log L) =
(ϕi (t̄))T Λ−1
∂ t̄
2 i=1

(6.33)

Setting the derivative to zero is equivalent to writing
N
X

(ϕi (t̄))T = 0

(6.34)

i=1

which is, obviously, equivalent to the same condition recovering the origi-
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nal matrix formulation, i.e.,

PN

i=1

N
X

β i . As β i = Ti − T̄, we finally get
Ti − T̄ = 0

(6.35)

i=1
N
X

!
Ti

− N T̄ = 0

(6.36)

i=1
N
X
ˆ = 1
T̄
Ti
N i=1

(6.37)

Table 6.2 provides a general view of the different expressions regarding
the ML estimation of parameters of a Gaussian distribution.
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Scalar
case
Vector
case

Table 6.2:

1

1
N

1
N

i=1

PN

i=1

PN

xi

xi

∂
log(L)
t(t+1)
= t(t)
m
m + ∆t
(t)
∂tm
P
(t)
N
T
−1 ∂ ϕi (t̄)
= tm + ∆t i=1 ϕ(t̄) Λ
∂ t̄

iterative algorithm:

No closed form in general,

µ̂ =

µ̂ =

Mean value

Λ̂ =

Λ̂ =

1
N

i=1 (xi

PN

− µ)2

i=1

PN

ϕ(T̄)ϕ(T̄)T

(x − µ)(x − µ)T

1
N

1
N

σ̂ 2 =

Covariance matrix

Summary of ML estimation for scalar, vector and tensor Gaussian distributions.

1
(2π)d |Λ|

„
«
(x−µ)T Λ−1 (x−µ)
−
2

(x−µ)2
σ2

«

«
„
ϕ(T̄)T Λ−1 ϕ(T̄)
exp −
2

exp

2πσ 2

1
(2π)d |Λ|

p(T|T̄, Λ) = √

p(x|µ, Λ) = √

p(x|µ, σ 2 ) = √

„
exp − 12

PDF
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6.3.3

EM algorithm for Gaussian mixtures on
tensors

The EM [65, 185] algorithm is a general method to find the ML estimate
of the parameters of an underlying distribution from a dataset when the
data are incomplete or, equivalently, there is a many-to-one mapping from
an underlying distribution to the distribution governing the observation
[147, 185]. This algorithm is usually employed for the estimation of the
parameters of mixture models, and will be applied here for that purpose
on Gaussian mixtures on tensors. First, we revisit in the next section the
EM algorithm for Gaussian mixtures on scalars or vectors.

EM algorithm for scalar or vector Gaussian mixtures
Let us consider the following mixture of Gaussians:
K
X


1
T −1
p(x|Θ) =
αk p
exp − (x − µk ) Λk (x − µk )
(6.38)
2
(2π)d |Λk |
k=1
1



where the parameter vector Θ consists of the mixing probabilities αk ,
and the mean values and covariance matrices µk and Λk , respectively,
for k = 1, . . . , K. The EM algorithm alternates an expectation step with a
maximization step, iterated until convergence. In the maximization step,
the parameters Θk are updated so as to maximize the log-likelihood. To
that order, we aim to maximize
!
N
N
K
X
X
X
log(L) =
log (p(xi |Θ)) =
log
αk gk (xi |Θk )
(6.39)
i=1

i=1

k=1

where we denote by gk (xi |Θk ) the PDF of each of the components of
the mixture, with parameters Θk = {αk , µk , Λk }. Now, in order to obtain
the estimates of the mean values of each component, µk , we take the
derivative of the likelihood with respect to them:
!
N
K
X
X
∂
1
∂
log(L) =
αk gk (xi |Θk ) (6.40)
PK
∂µk
∂µk
k=1 αk gk (xi |Θk )
i=1
k=1
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= −

N
X
i=1

1
PK

k=1

αk gk (xi |Θk )

αk gk (xi |Θk )Λ−1
k (xi − µk )

Let us now denote by p(k|i) the probability of having selected component
k given that data point xi was observed:
αk gk (xi |Θk )
p(k|i) = PK
k=1 αk gk (xi |Θk )

(6.41)

Using p(k|i), it is easy to see that Eq. 6.40 turns into
N

X
∂
log(L) =
p(k|i)Λ−1
k (xi − µk ) = 0
∂µk
i=1
N
X

p(k|i)xi = µk

i=1

N
X

p(k|i)

(6.42)
(6.43)

i=1

PN
p(k|i)xi
µ̂k = Pi=1
N
i=1 p(k|i)

(6.44)

Similarly, the estimation of the rest of the parameters can be shown to be
PN
Λ̂k =

i=1

p(k|i)(xi − µk )(xi − µk )T
PN
i=1 p(k|i)

α̂k =

N
1 X
p(k|i)
N i=1

(6.45)
(6.46)

The update of the parameters αk , µk and Λk constitutes the maximization
step of the EM algorithm. With respect to the expectation step, we have
αk gk (xi |Θk )
p(k|i) = PK
k=1 αk gk (xi |Θk )
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EM algorithm for tensor Gaussian mixtures
We aim now at finding the corresponding expressions for the estimation
of the parameters of a mixture of Gaussian over tensors, whose PDF is:
K
X


1
T −1
exp − (ϕi (β i (T̄k ))) Λk (ϕi (β i (T̄k )))
p(T|Θ) =
αk p
2
(2π)d |Λk |
k=1
1



(6.48)

Hereafter, and in order to simplify the notation, we will express the dependencies of ϕi simply as ϕi (T̄k ). The log-likelihood we seek to maximize
will be given by
!
N
N
K
X
X
X
log(L) =
log (p(Ti |Θ)) =
log
αk gk (Ti |Θk )
(6.49)
i=1

i=1

k=1

where we have denoted by gk (Ti |Θk ) the PDF of each of the components
of the mixture, with parameters Θk = {αk , T̄k , Λk }. We first derive the
log-likelihood with respect to the mean tensor T̄k :
!
N
K
X
X
∂
1
∂
log(L) =
αk gk (Ti |Θk )
(6.50)
PK
∂ T̄k
∂ T̄k k=1
k=1 αk gk (Ti |Θk )
i=1


N
X
1
∂
1
T −1
= −
αk gk (Ti |Θk )
− (ϕi (T̄k )) Λk (ϕi (T̄k ))
PK
2
∂ T̄k
k=1 αk gk (Ti |Θk )
i=1
Again, as with the derivation of the ML estimation of the mean tensor
described in Section 6.3.2, the derivative we need to compute depends
on the employed tensor distance, and a closed-form expression cannot be
obtained in general. In order to provide a more compact expression, we
again consider the formulation of the Gaussian distributions on tensors
as distributions on vectors, where tensor Ti is represented by its free
components, ti . Using this representation, we make use of the result in
Eq. 6.28 in order to rewrite Eq. 6.50:
!
N
K
X
X
∂
1
∂
log(L) =
αk gk (Ti |Θk )
PK
∂tm,k
∂tm,k
k=1 αk gk (Ti |Θk )
i=1
k=1


N
X
αk gk (Ti |Θk )
∂
1
T 1
= −
− (ϕi (tm,k )) Λk (ϕi (tm,k ))
PK
∂tm,k
2
k=1 αk gk (Ti |Θk )
i=1
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= −

N
X

p(k|i)(ϕi (tm,k ))T Λ−1

i=1

where

∂ϕi
∂tm,k

(6.51)

∂ ϕi
∂tm,k

depends on the choice of the distance measure. For the
∂ ϕi
= −Id , yields the wellcase of the Frobenius distance, for which ∂tm,k
known expression in Eq. 6.44 for tm,k . Equivalently, the mean tensors
T̄k are obtained as
PN
ˆ
i=1 p(k|i)Ti
T̄k = P
N
i=1 p(k|i)

(6.52)

With regard to the estimation of the parameters Λk and αk , their derivation does not change with respect to the vectorial case:
PN
Λ̂k =

i=1

p(k|i)(ϕi (T̄k ))(ϕi (T̄k ))T
PN
i=1 p(k|i)

α̂k =

N
1 X
p(k|i)
N i=1

αk gk (Ti |Θk )
p(k|i) = PK
k=1 αk gk (Ti |Θk )

(6.53)
(6.54)
(6.55)

Estimation of the complexity of the mixture
The described estimation procedure of the parameters of a mixture of
Gaussians assumes that the number of components K is known in advance. However, this is not usually the case, and therefore the number of
components, that is, the complexity of the mixture, has to be estimated
as well. The issue of estimating the number of components of the mixture
has been addressed before in the literature [75, 4, 186, 78, 117, 28, 187].
Two main approaches can be distinguished, those based on the EM principle, and stochastic techniques.
EM-based approaches used the EM algorithm to obtain the set of statistical parameters for a range of values of K, and this number of classes
is afterwards obtained as the minimizer of some cost function. Most often,
this cost function includes the log-likelihood plus an additional term that
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penalizes large values of K. Among these cost functions, we can find the
minimum description length (MDL), the minimum message length (MML)
[75], the evidence based Bayesian (EEB) criterion [186] or the Bayesian
inference criterion (BIC) [78]. With regard to stochastic approaches , they
are typically based on Markov chain Monte Carlo sampling for the estimation of K [28, 187].
For the estimation of the complexity of the mixture of Gaussians on
tensor fields, and as the estimation of the number of classes is not a
central issue in this thesis, we will follow the approach by Figueiredo et
al [75]. This method is based on the use of the MML criterion, implemented by means of a modified EM algorithm that leads to an integrated
model selection and estimation procedure. Given a maximum initial number of components of the mixture, K, a modified maximization step is
used where the mixture probabilities are updated following a modified expression:
i
h P

N
N
max 0,
i=1 p(k|i) − 2
i
h P

αˆk = P
(6.56)
K
N
N
k=1 max 0,
i=1 p(k|i) − 2
where N is the overall number of components of the parameters that
specify each component of the mixture. Using this modified EM algorithm, the estimation of parameters starts using the maximum number of
components considered. As the algorithm iterates, the mixture components whose probability is very reduced are annihilated, and so the final
parameter estimation is inherently an estimation of the number of components of the mixture.
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k=1

Table 6.3:

Λˆk =

M-step

i=1

PN

p(k|i)

1
N

i=1

PN

p(k|i)

α g (Ti |Θk )
PK k k
α g (Ti |Θk )
k=1 k k

E-step

1
N

α g (xi |Θk )
PK k k
α g (x |Θk )
k=1 k k i

αˆk =

h “P
i
”
N
max 0,
p(k|i) − N
2
h i=1
i
PK
PN
max 0,(
p(k|i))− N
i=1
2
k=1

With complexity selection:

αˆk =

p(k|i) =

αˆk =

p(k|i) =

E-step

Summary of the EM algorithm for mixtures of Gaussians on vectors and tensors.

Λˆk =

M-step
PN
ϕi (T̄k ))(ϕi (T̄k ))T
i=1 p(k|i)(
PN
p(k|i)
i=1

”

PN
T
i −µk )(xi −µk )
i=1 p(k|i)(x
PN
p(k|i)
i=1

exp − 21 (ϕi (Tk ))T Λ−1
k (ϕi (Tk ))

PDF“

∂
t(t+1)
= t(t)
log(L)
m
m + ∆t
(t)
∂tm
P
∂ ϕ (t̄)
N
T
p(k|i)ϕ(
t̄)
Λ−1 ∂it̄
= t(t)
+
∆t
m
i=1

No closed form in general

q
k=1 αk

PK

exp

«
−1
(x−µk )T Λ
(x−µk )
k
−
2

PDF „

1
(2π)d |Λk |

1
(2π)d |Λk |

q

PN
i=1 p(k|i)xi
P
N
p(k|i)
i=1

p(T x|Θ) =

µˆk =

p(x|Θ) =

PK
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6.4

Segmentation method

Once the definition of a Gaussian PDFs on tensors, introduced in [126,
123, 122], has been revisited in Section 6.2.1, and Gaussian mixtures
on tensors have been introduced together with a ML approach for the
estimation of their parameters, we are ready to describe the segmentation
approach that will be applied using this model. As throughout this thesis,
the segmentation method is based on the GAR model using the statistical
modeling provided by the Gaussian mixtures on tensor fields. Then, the
energy functional described in Section 3.5.4 can be transformed, for the
segmentation of tensor fields, into:
Z
E(C, Θ1 , Θ2 ) = −
log p(T(x)|Θ1 )dx
Z Ω1
−
log p(T(x)|Θ2 )dx + ν|C|
(6.57)
Ω2

where p(T(x)|Θ1 ), i = {1, 2} are the PDFs of the mixtures of Gaussians
as described in Section 6.2. This approach will be referred to as MoGoT
(Mixtures of Gaussians on Tensors), and is suitable for the segmentation
of tensor-valued images, as it is the case of DT-MRI, and constitutes a
refinement of the tensor segmentation scheme successfully employed in
[126, 123, 122] on that sort of data. An application of our schemes on
DT-MRI images will be shown in Chapter 9.

With regard to the segmentation of scalar or vector-valued images, the
formulation of Gaussian mixtures on tensors can be applied on the LST.
If we want to incorporate the intensity or color information into the segmentation, two approaches can be chosen. The first one was described
in Chapter 4, and it is grounded on incorporating the intensity or color into
the tensor architecture by means of the ELST, CLST or ACLST. The alternative approach is based on the common energy formulation of the segmentation using both the LST and the intensity or color, as proposed in
Chapter 5. The rationale that supports this second option was described
in the last chapter, and it carries over to this chapter too. Therefore, and in
order to respect the —in our opinion— most natural representation forms
for the intensity or color and the LST, we propose the following energy
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functional for the segmentation of images:
 Z
β1
E(Ω1 , Ω2 ) =
−
log p(T(x)|Θt1 )dx
β1 + β2
Ω1

Z
log p(T(x)|Θt2 )dx
−
Ω2
 Z
β2
+
−
log p(I(x)|Θc1 )dx
β1 + β2
Ω1

Z
log p(I(x)|Θc2 )dx
−

(6.58)

Ω2

where p(T(x)|Θti ) and p(T(x)|Θci ) are the PDFs corresponding to the
Gaussian mixtures over the LST and over the intensity or color, respectively, and β1 and β2 are weighting factors that balance the relative importance of the LST and the intensity-based term, as further explained in
Section 5.3.

Once again, the minimization of the energy functional is performed by
means of an evolving level set, whose evolution equation is:



∂φ
∇φ
β1
p(T(x)|Θt1 )
(x) = δ(φ) ν∇ · (
)−
(6.59)
∂t
|∇φ|
β1 + β2 p(T(x)|Θt2 )


p(I(x)|Θc1 )
β2
−
(6.60)
β1 + β2 p(I(x)|Θc2 )

In order to provide a better explanation of the proposed segmentation method, which will be hereafter referred to as AdMoGIT (Adaptive
Mixtures of Gaussians on Intensity and Tensors), a diagram is shown in
Figure 6.1 that depicts the algorithm workflow; note that this diagram includes the adaptive weighting between the intensity and the LST-based
components that will be described in next section.
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INTENSITY

IMAGE

LST

Figure 6.1:

6.5

STATISTICAL

KL

PARAMETERS

DISTANCES

TRAINING

ADAPTIVE

REGIONS

WEIGHTING

STATISTICAL

KL

PARAMETERS

DISTANCES

SEGMENTATION

General workow of the AdMoGIT segmentation method.

On the use of the KL distance to
obtain β1 and β2

In the preceding chapter (Section 5.3), we analyzed the adaptive weighting of the intensity and the LST-based terms during the segmentation process, for which a method was proposed that basically compares the distances between the intensity mean values and tensor mean values over
both regions. To that end, an original tensor distance measure was proposed with the convenient property of being a bounded quantity between
0 and 1, which makes its comparison with the normalized Euclidean distance (also bounded between 0 and 1) feasible.
If we compare the segmentation formulation proposed in last chapter with the one being discussed in the current chapter, a key difference
can be highlighted: indeed, as the formulation in Chapter 5 models the
distance between a given feature and the mean value of that feature over
each region, no direct modeling of the data is available. Using the present
approach, however, the modeling distributions of the chosen features are
available, and thus more information can be employed for the calculation
of the weighting factors β1 and β2 .
Since the underlying idea for the design of the weighting factors is
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related to the comparative measurement of the separation of the segmenting classes in terms of the features in the different channels, and we
have access to the estimated probability distributions of the features over
both regions, we propose to employ the well known symmetrized Kullback Leibler distance (also named J-divergence) for the calculation of the
weighting factors. To that end, these are defined as:
β1 =

dKL,t (p(T|Θ1 ), p(T|Θ2 ))
dKL,t (p(T|Θ1 ), p(T|Θ2 )) + dKL,c (p(x|Θ1 ), p(x|Θ2 ))

(6.61)

β2 =

dKL,c (p(x|Θ1 ), p(x|Θ2 ))
dKL,t (p(T|Θ1 ), p(T|Θ2 )) + dKL,c (p(x|Θ1 ), p(x|Θ2 ))

(6.62)

where p(T|Θi ) is the estimated PDF of the tensor field over region i,
and p(x|Θi )) is the estimated PDF of the intensity or color. Symmetrized
Kullback-Leibler distances are always employed, as defined in Eq 3.43.
As can be seen, we aim to measure the separation between the tensor
distributions with relation to the separation between the intensity distributions. Those distributions which are at a bigger distance are therefore
favoured in the weighting of the energy terms.
The described method to obtain β1 and β2 presents the advantage of
using the complete information about the statistical distributions of the
data, since not only the mean values are now available. Furthermore, the
formulation is symmetric, as the same measure (i.e. the Kullback-Leibler
distance) is employed for the tensor and for the intensity features.
From a practical point of view, there exists a closed form for the Jdivergence between two Gaussian distributions with common mean and
different covariance matrix (see Eq. 3.45). For Gaussian distributions on
scalars or vectors with different mean values or mixtures of Gaussians,
an analytic calculation is, to our knowledge, not available. However, numerical integration can be performed easily as, if we recall the definition
of the Kullback-Leibler distance we have


Z
p(x|Θ1 )
dKL,c (p(x|Θ1 ), p(x|Θ2 )) = p(x|Θ1 ) log
dx
(6.63)
p(x|Θ2 )
The computation of the tensor counterpart of the Kullback-Leibler distance is, however, more problematic, as numerical integration cannot be
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directly performed. In order to overcome this difficulty, we next propose
an alternative manner to compute the KL distance for the tensor case.

6.5.1

Monte Carlo simulations to approximate
the KL distance on tensor distributions

The symmetrized Kullback-Leibler distance between two mixtures of Gaussians on tensor fields p(T|Θ1 ) and p(T|Θ2 ) is given by



Z
1
p(T|Θ1 )
dKL,t (p(T|Θ1 ), p(T|Θ2 )) =
p(T|Θ1 ) log
2 PS(n)
p(T|Θ2 )

 
p(T|Θ2 )
+ p(T|Θ2 ) log
+ dT (6.64)
p(T|Θ1 )
where S + (n) is the space of SPD tensors of size n × n where the integration must be performed. Once the explicit analytic integration is discarded, most numerical integration algorithms rely on the approximation
of the integrand along intervals of constant size. The problem here, as we
are not lying in an Euclidean space, is to define such intervals on S + (n).
A simple and elegant way to overcome these difficulties is to run a
Monte Carlo simulation [145] to perform the numerical integration. In our
case, each of the two terms in Eq. 6.64 can be regarded as
Z
fX (x)g(x)dx = E{g(x)}
(6.65)
R
where fX (x) is a PDF, and therefore fX (x)dx = 1. Then, and in order
to obtain the expectation of g(x), one can just compute
E{g(x)} =

N
1 X
g(xi )
N i=1

(6.66)

where the points xi , N = 1, . . . , N have been generated according to the
PDF fX (x). A procedure for the generation of tensors according to Gaussian distributions is described in [123]
Using the described Monte Carlo technique, the calculation of the sym-
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metrized Kullback-Leibler distance between two distributions on tensors
is performed as briefly summarized in Table 6.4.

Numerical calculation of the symmetrized KL distance
dKL,t (p(T|Θ1 ), p(T|Θ2 ))

Step 1

Step 2

Step 3

Generate
N tensors T1,i according to p(T|Θ1 )
Generate
N tensors T1,i according to p(T|Θ2 )
Compute


PN
p(T1,i |Θ1 )
1
g
(T
)
,
where
g(T
)
=
log
1
1,i
1,i
i=1
N
p(T1,i |Θ2 )
Compute


PN
p(T2,i |Θ2 )
1
i=1 g2 (T2,i ), where g(T2,i ) = log p(T2,i |Θ1 )
N
Calculate
h
dKL,t (p(T|Θ1 ), p(T|Θ2 )) =

Table 6.4:

1
2

1
N

PN

i=1

g1 (T1,i ) +

1
N

PN

i=1

g2 (T2,i )

i

Summary of the EM algorithm for mixtures of Gaussians on vectors
and tensors.

Finally, and in order to provide a reliable method to estimate the KullbackLeibler distance between probabilities on tensors, it is necessary to determine the influence of parameter N , the number of random tensors that
are generated according to each distribution. A experiment was made by
analyzing the variability in the computation of the KL distance between
the mixtures of Gaussians estimated on different training regions from a
set of 12 images from the Bonn’s University database (see Section 4.4).
Results, depicted in Figure 6.2 show that the variability of the KL distance
drops rapidly as N increases. A choice of N = 1000 draws a reduced
value of the standard deviation that is sufficient for the calculation of the
weighting parameters β1 and β2 , and will be employed hereafter.

6.6

Experimental results

This section is dedicated to the analysis of the performance of the segmentation approaches that have been proposed in this chapter. Quantitative results will be provided on synthetic images, and examples will be
studied that let gain insight into the performance of the methods. Since
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the use of Gaussian mixtures makes the AdMoGIT model more appropriate for supervised segmentation, experiments will be performed under
this paradigm. Further experimentation is performed in the third part of
this thesis, where the AdMoGIT and the MoGoT segmentation methods
will be used in medical imaging applications.

First, experiments will be performed on gray-scale images from the
Bonn’s University datasets [1], previously employed in Chapters 4 and 5.
As the textures belonging to the two classes are distributed in a configuration that is known in advance, then training regions can be easily placed.
In Figure 6.3, the respective regions employed for the estimation of the
parameters are shown for a given test image. The percentile values of
the success score S (defined in Section 4.4.1) are graphically depicted
in Figure 6.4. Results indicate, first, the superiority of the AdMoGIT segmentation method over the AC method proposed in the preceding chapter. This is expected, as the former relies on the statistical distribution of
the tensor and intensity data, whereas the latter is based on the statistical
distribution of the distances to the mean values in both feature spaces.
Therefore, a dimensional loss occurs, and the complexity of the actual
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test image.

distribution cannot be fully captured. With respect to Bouman’s segmentation method, it shows a extremely high accuracy in the best cases that
the AdMoGIT algorithm is not able to reach (note that this is partly due
to the negative bias that contour-oriented segmentation algorithms suffer
because of the smoothing applied). Despite this, AdMoGIT shows better
values for the low percentiles, which indicate a higher robustness of the
method.
As previously done in Chapters 4 and 5, we also provide the segmentation results in terms of the aggregate measure AUC. Table 6.5 shows
the corresponding values for the segmentation methods that have been
compared.

Segmentation method
AC (Chapter 5)
Bouman's method
MoGIT
AdMoGIT
Table 6.5:

AUC
0.2832
0.2760
0.2805
0.2746

AUC comparison for the dierent supervised segmentation methods.

125

New Insigths on Multidimensional Image and Tensor Field Segmentation
SUPERVISED SEGMENTATION. AdMoGIT Vs OTHER METHODS
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Figure 6.4:

Comparative results, over the gray-scale images test set, of the AC
model over LST and intensity distances, Bouman's segmentation
method, AdMoGIT and MoGIT (Gaussian GAR model over tensor
and intensity distributions, with and without adaptive weighting
of parameters β1 and β2 ).

Let us now analyze the influence of the number of components in the
Gaussian mixtures that are considered for segmentation. Even though
the complexity selection algorithm that has been implemented (see Section 6.3.3) automatically determines the most appropriate number of components, still parameter Kmax , that is, the maximum number of allowed
components, must be selected. A high value of Kmax increases the computational cost of the parameter estimation, while a low value limits the
complexity of the LST or intensity features the segmentation algorithm is
able to deal with. As an example, let us consider the synthetic test image
shown in Figure 6.5 (a). The image is composed of five different textures.
If a supervised segmentation procedure is employed in order to separate
a region consisting of the central and lower region from the other three,
one can manually introduce appropriate training regions as depicted in
Figure 6.5 (b). Now, the initial contours, intermediate and final results of
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the obtained segmentation are shown in Figure 6.6 for Kmax = 2 (upper
row) and Kmax = 5 (lower row). It can be observed that the segmenting
contour is not able to successfully achieve the segmentation in the first
case, because the maximum number of components in the Gaussian mixtures is lower than the number of types of textures, and thus the resulting
Gaussian mixture does not adequately fit the data. If a sufficiently large
number of components is allowed, however, the segmentation results are
much better adjusted to the correct contours.
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Test image composed of ve dierent regions (a). Selected regions
for the estimation of the parameters of the Gaussian mixtures (b).

Summary

In this chapter, Gaussian mixtures on tensor fields have been introduced
to approximate the probability distribution of tensor data. Together with a
ML estimation of the parameters of the mixtures, this probabilistic modeling can be employed to formulate the segmentation of tensor fields within
a GAR model. Also, the segmentation of natural images can be assessed
in a combined GAR framework including Gaussian mixtures on both intensity and tensor (LST) data. In this combined framework, the choice of
the adaptive weighting between the intensity and LST features is tackled
by means of the calculation of the KL distances between the estimated
distributions of the data. In the tensor domain, this calculation is performed using a Monte Carlo approximation.
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Since the proposed approach is specially suitable for supervised segmentation, experimental work has been done under this paradigm that
shows the competitive performance of the AdMoGIT model. Furthermore,
it has been shown that, for certain scenarios where the complexity of the
data is high or the classes to be segmented are composed of several
types of intensity or texture features, the use of Gaussian mixtures overcomes the intrinsic limitations of other models.
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7
Segmentation of hand bones
from radiographs
7.1

Introduction

This chapter is devoted to the problem of the automatic and semiautomatic segmentation of hand bones from radiographs. The importance
of this issue stems from what is called bone age assessment, a frequently employed procedure in pediatric radiology that aims at determining the state of skeletal evolution of a patient from a radiograph of the
non-dominant hand and wrist. Many diseases and syndromes affecting
growth result in a significant discrepancy between bone age and chronological age [182, 84]. A quantitative assessment of skeletal maturity is
also useful for predicting adult height.
Two major methods are used for bone age assessment on children: the
Greulich-Pyle method [89] and the Tanner-Whitehouse (TW3) method [204].
The former is an atlas-driven method which is based on visually comparing the radiograph with a number of atlas patterns. Bone age is assessed
on the basis of the pattern which more accurately resembles the clinical image according to the physician’s perception. TW3 method uses a
detailed shape analysis of several bones of interest, leading to their individual classification into one of several stages. Scores are derived from
each bone stage and summed to compute the assessment. The subjective nature of the Greulich-Pyle method, and the considerable complexity
of TW3 method, make the automation of bone age assessment a highly
desirable goal, in order to assist the radiologist in performing a more objective, fast and accurate analysis without the intrinsic variability of human
activities [154].
In order to achieve an automatic or semiautomatic expert system for
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bone age assessment from hand radiographs, the segmentation of the
bones of interest is very convenient as a prior step for further analysis
based on the segmented shapes or simply as a necessary step for the determination of the regions of interest. The methods that will be used here
for segmentation is the supervised version of the approach proposed in
Chapter 6, i.e., the GAR model over mixtures of Gaussians on the intensity and the LST with an adaptive weighting of both sources of information
(AMoGIT).
For the supervised segmentation to be applied, training regions must
be located for the estimation of the statistical parameters of the Gaussian
mixtures. To that end, an automatic procedure has been designed that
permits the automatic location of the necessary training regions based on
the anatomical prior knowledge.
With regard to the organization of the chapter, next section reviews
the state of the art with regard to the existing methods dedicated to the
automatic or semiautomatic bone assessment procedures from hand radiographs. Afterwards, the segmentation method that has been designed
will be described, as well as the automatic location of the training regions.
Experimental results on several real radiographs will be shown in Section
7.4 to better explain the details of the algorithm as well as to assess the
performance of the proposed method. Finally, some conclusions will be
drawn.

7.2

State of the Art in Bone age assessment

The first attempts made to achieve an automatic method to support the
radiologists’ work come from the first 80’s. Pathak, Pal and King state
the problem as a classification one, developing some radiograph analysis works [119, 158, 159, 160] as well as a syntactic fuzzy classifier for
bone age assessment [168, 167]. The input to this classifier is a set of
primitives (as points, line segments and curves) which has been previously extracted from the hand radiograph. Although the feature set and
the classifier election are totally justified, the weak point of this work is
the use of the information from one only bone (radius).
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Pietka et al. [172] described a method based on an independent analysis of the phalangeal [175] and the carpal [174] regions of a radiograph.
A fuzzy classifier is then developed [172] and, since both regions are analyzed independently, two bone age assessments are obtained, one for the
carpal region and one for the phalangeal one. The final decision must be
done by a radiologist. In [45] finally, a real implementation of this system
is presented, with a correct classification ratio of 75% for the phalangeal
region and 63% for the carpal one. When compared to TW3 method, this
approach discards a great amount of useful information, which negatively
affects the final result.
Recently, Pietka et al. proposed a more refined approach to perform skeletal age assessment, focusing on the phalanges. In a first
stage, an epiphyseal/metaphyseal region of interest is found for each
bone [173, 177] making use of a priori knowledge about the general structure of the hand. Next, for each region of interest, two different cases are
distinguished [176]. If the epiphyses are separated from the metaphyses,
it is decided that the bone is at an early stage of development. If the gap
between epiphysis and metaphysis has started to disappear, the bone
is assigned to a later stage of development. In the first case, epiphysis
and metaphysis are segmented separately, and several distance-related
features are extracted. In the latter case, a wavelet decomposition analysis is performed to evaluate the state of epiphyseal fusion [179], also
yielding several features. To complete the bone age assessment, a fuzzy
classifier has been employed using the referred features[176]. The overall system was finally integrated into a clinical PACS.
Efford proposed a direct automation of the former TW2 method [70] by
performing a shape analysis of certain bones of interest. Most of the work
is dedicated to the design of a model-based segmentation of the bones
from radiographs, and a skeletal maturity assessment method starting
from this segmentation was only formulated. So, this work cannot be
considered as a complete bone age assessment method.
In [3], a computational TW3 classifier was designed using a fuzzy
methodology that translates the natural language descriptions of the TW3
method into the automatic classifier. This method needs a small amount
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of data in order to train the classifier. However, the approach relies on a
previous extraction of suitable features from the radiographs, for which a
precise bone segmentation is needed.
A different and original approach to the problem of bone age assessment is the one introduced in [141, 142, 153], where a registration-based
methodology is followed. Using a set of landmarks located in the radiograph, an articulated registration is performed on the radiograph under study in order to match a template. This way, a segmentation-byregistration can be achieved allowing further shape-based analysis of the
bones of interest to perform the determination of the skeletal age. Besides, a different approach can also be taken based on a comparison of
the radiograph with the ones in an atlas, thus resembling the method in
[89].
Other contributions in this field have used neural networks with a backpropagation algorithm in the training phase [90], and a neural architecture
called Generalized Softmax Perceptron which estimates posterior probabilities at the output of the network [61] to give a measure of confidence
in the final decision. However, both systems require the manual acquisition of several measures on the hand radiograph to be used as features,
and suffer from the lack of information available for classification, as no
segmentation of the bones of interest is performed.

7.3

Segmentation method

The segmentation method that is proposed here is designed to segment
all the bones of interest from the viewpoint of the TW3 bone age assessment method. These are the radius and ulna, the five metacarpals and
the fourteen phalanges. The segmentation of the carpal bones is more
complex, and their use for bone age assessment is limited because it is
only relevant within a reduced range of age. Therefore, the segmentation
of the carpal bones will not be our priority, although in most of the cases
it will be successfully achieved.
A detailed analysis of the intensity and texture distribution within hand
radiographs reveals that there is a significant overlap of the features in-
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side and outside the bones in distant areas of the image. In order to
illustrate this, we show in Figure 7.1 (a) a sample radiograph. In Figures 7.1 (b) and (c), the histograms of the original image and the image
after removing the background are shown, respectively. Then, the histograms in Figure 7.1 (e) correspond to the highlighted regions in Figure
7.1 (d). It can be seen that one of these regions correspond to the third
proximal phalange, whereas the other one corresponds to a tissue region
near the carpal bones. Indeed, there is a significant overlap between the
histograms of both regions, and a similar situation occurs with regard to
the LST features. Therefore, a single set of parameters for the whole image describing the statistics of both regions in terms of their intensity and
texture will fail to perform the segmentation. In order to overcome this
problem, three different regions have been selected within the hand, and
different sets of parameters will be estimated for each of them to guide
the segmentation within that region. Afterwards, the level set evolution
is driven, inside each region of influence, by the forces corresponding to
each set of parameters. In a certain sense, this is equivalent to performing three different segmentation processes, but they are simultaneous
done, and a single level set function is employed. We show in Figure 7.2
such division for the sample radiograph in Figure 7.1 (a). This division
is performed using anatomical prior knowledge about the shape of the
hand, as will be explained next.

Since the segmentation method is supervised, training regions must
be defined for each class within each region of influence (see Figure
7.2). This task, which is critical for the segmentation to succeed, can
be performed in a manual, automatic or semiautomatic fashion. In this
work, an elaborated automatic method has been developed that finds
the necessary training regions using prior anatomical knowledge about
the structure of the hand and its bones. Nevertheless, sometimes it can
occur that the segmentation results are not satisfactory due to the fact
that the training regions, although correctly placed on the radiograph, do
not adequately represent the segmenting classes. In order to solve this,
a semiautomatic stage has been included in the segmentation workflow
that allows the user to interactively add some training regions in order
to refine the obtained segmentation results. The complete segmentation
workflow is depicted in Figure 7.3.
Next, the automatic procedure for the location of the different training
regions in the radiograph is described.
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(a) Sample hand radiograph; (b) Histogram of the image; (c) Histogram of the image, after removing the background; (d) Selected
regions inside and outside bones; (e) Histograms corresponding to
the selected regions.
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7.3.1

Automatic placement of training seeds

Starting from the hand radiograph, the process to place adequate training
regions for each class within each region of influence is primarily based
on the location of interior points to the different bones. Circular regions
will be then created around these located seeds that will correspond to
the training regions of the bone segmentation class. With respect to the
tissue class, circular regions will be also created around points outside
the bones, as well as other points located near the border of the hand
silhouette, also known to be outside the bones. The overall method takes
advantage of the anatomical prior knowledge about the general shape
of the human hand, and also employs signal processing techniques in
order to filter 1D profiles extracted from the radiograph along relevant
directions, and to locate salient points that correspond to the seeds we
seek. Specifically, the procedure, which was partly presented in [63, 64],
works as follows:
• Starting from the raw radiograph image, the hand silhouette is separated from the background, first removing the unexposed background of the radiograph and then applying a threshold whose level
may vary along the position in the image according to local statistics. The result is shown in Figure 7.4(a).
• Next, a thinning algorithm is applied to obtain a skeleton of the hand
(see Figure 7.4(b)), whose longest branches will be separated and
assigned to each finger.
• The skeleton branches corresponding to each finger form approximate longitudinal axes, but the branches tend to meet at the center
of the hand. Therefore, we transform these axes first interpolating
them by a straight line and next correcting each point by analyzing
the successive cross-sections of the finger, which are perpendicular
to the finger axis. The starting point of the finger is also found this
way, so that the points inside each phalange that we are seeking —which we will call seeds— can be successfully positioned over each
finger axis, at a fraction of the distance between the beginning and
the top of the finger, which has been empirically calculated. This
procedure, whose results are shown in Figure 7.4(c), is appropriate
for all fingers except the thumb, because in this case the phalanges
seldom appear completely centered in the finger.
• The extension of the calculated axes is not suitable for finding the
seeds inside the metacarpals because they are not really aligned
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with the phalanges. So, starting with four points located at a certain distance of these prolongations, a circumference is traced that
crosses the five metacarpals. Then, this cross-section is analyzed
to locate five seeds inside the metacarpals. This step is shown in
Figure 7.4(d).
• Finally, to find the seeds corresponding to the thumb’s phalanges,
concentric circumferences to the first one are drawn with an increasing radius. The cross-sections formed are analyzed to find
the thumb longitudinal axis and the starting point of the finger, so
that the seeds can be located as can be seen in Figure 7.4(e).
• With respect to the radius and ulna, a separate procedure is followed in order to locate interior points. Starting at the bottom of
the images, horizontal sections of the wrist are analyzed at different
heights. Two main maxima can be found in these cross-sections,
which correspond to the horizontal coordinates of the seeds that we
seek (see Figure7.4(f)).
• The location of points inside the metacarpals, based on the analysis of a circular cross-section that transversally crosses the bones,
also permits the location of points between those seeds that will not
belong to the bones. This is depicted in Figure 7.4(g).
• In an analog manner, points are also located at different heights
between the radius and the ulna that do not belong to these bones
(Figure 7.4(h)).
• Finally, points are randomly placed near the border of the hand silhouette, so that they fall outside all the bones , as seen in Figure
7.4(i).
The described procedure for the location of the training regions also
enables the division of the hand silhouette into three regions of interest,
as mentioned earlier, for the independent estimation of the mixture parameters for each region.

7.4

Experimental results

In this section, we present the experimental results obtained for the segmentation of bones using the proposed method.
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First, results will be shown and studied in detail for a sample radiograph. The original image is shown in Figure 7.5(a). On it, the automatic
procedure described before is applied in order to obtain the necessary
training regions. Points are located in this way for both regions, as shown
in Figure 7.5(b), where training points belonging to the class bones are
coloured in blue and points belonging to class tissue are coloured in red.
These points are shown again in Figure 7.5(c), (d), and (e) separately for
each of the three regions of influence, i.e. phalangeal, metacarpal and
radius/ulna.
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All training regions; (c),(d),(e) Training regions for the phalangeal,
metacarpal and radius/ulna region of inuence, respectively.
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Once the training regions have been selected, the statistical parameters are estimated, and three sets of parameters are estimated that describe both classes in terms of their intensity and their LST for each region
of influence. A maximum number of 5 components was imposed for the
Gaussian mixtures in order to limit the computational burden of the calculations and to avoid an overfitting of the Gaussian mixtures to the training
data.
Using the estimated parameters, the iterative segmentation is performed with an evolving level set. Figure 7.6 shows the evolution of the
segmenting contour at an initial, intermediate, and final point.
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As can be seen, the segmentation results are quite accurate except
for the carpal region, where the segmenting contour is not able to detect
the two carpal bones that are already present at this stage of skeletal
development. As stated before, these bones are not employed in most
cases when performing the bone age assessment, because they are only
relevant for very early stages of growth. However, a finer refinement of
the segmentation results is possible if some manual seeds are placed
in order to perform a more accurate estimation of the parameters. In
Figure 7.7(a), the complete set of training regions considered for a new
segmentation is drawn. These training regions include the ones that were
automatically placed following the procedure described in Section 7.3.1
(see Figure 7.5(b)), and a few more that have been manually included
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around the carpal bones in order to improve the segmentation results in
this specific area. The final segmenting contour is shown in Figure 7.7(b),
that now accurately fits the bone contours all over the radiograph.
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(a) Training regions including some manually placed points around
the carpal bones; (b) Segmentation results using the training regions shown in (a).

In Figure 7.8, some details of the segmentation result shown in Figure
7.7(b) are shown that indicate the accuracy of the segmentation method.
Finally, and in order to demonstrate the segmentation capabilities of
the proposed method, some segmenting results are shown in Figure 7.9
for other hand radiographs.
Even though the proposed segmentation algorithm has shown to successfully perform the segmentation of the bones of interest, still some
limitations are present that need to be solved for this method in order to
take part in a complete automatic or semiautomatic bone age assessment
system suitable for clinical use. We next enumerate the most important
ones:
• The automatic placement of the training seeds is based on an elab-
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orate procedure which is based on the anatomical prior knowledge.
However, the variability of the hand poses during the radiographic
exposure and the natural variability of the anatomical structures depending on the stage of skeletal development gives rise to situations where the designed method fails. For instance, if two fingers
are completely joined, the method will fail as it will not be able to find
five independent fingers. Even though these situations should not
be expected if a correct hand posture is assumed, the robustness
of the algorithm may be improved.
• In some cases, the division of the radiographs into different regions
of influence, although necessary in general, causes bad segmentation results near the border between different regions. The situation
is depicted in Figure 7.10. This problem occurs due to the estimates
being adequate on one side of this boundary, whereas they are locally inappropriate on the other side of this border. In order to solve
this problem, adaptive regions of influence must be designed, or a
smooth transition between the parameters in one region to those of
another should be incorporated.
• As a completely automated segmentation method with a sufficiently
high robustness and accuracy is extremely hard to achieve, enabling semiautomatic corrections to the segmentation is a good
choice to balance the convenience of a fully automatic method and
the necessity of extremely high robustness and accuracy. In the
segmentation method presented, results can be refined by introducing some additional training seeds and recalculating the model
parameters. Indeed, advanced computer-user interfaces and interactive ways to supervise the segmentation process and refine it if
necessary would yield a very complete and versatile segmentation
environment.

7.5

Conclusions

A segmentation method for the extraction of the contours of the bones of
interest from hand radiograph images has been presented in this chapter as an application of the general segmentation algorithm introduced
in Chapter 6. The extraction of bone contours is a crucial step for the
achievement of a complete computer-based bone age assessment system for diagnosis aid in this important pediatric procedure.
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The AdMoGIT model (see Section 6.4) performs the segmentation in a
supervised manner by estimating the statistical parameters of mixtures of
Gaussians over the intensity and the LST and afterwards evolving a level
set guided by GAR-based forces. Therefore, the choice of the training regions is a critical step for the success of the segmentation. A complete algorithm has been designed that locates salient points inside and outside
the bones of interest in an autonomous manner, guided by anatomical
prior knowledge about the general structure of the hand. Furthermore,
the possibility of manually placing additional training regions allows the
refinement of the segmentation results and can help improve the robustness of the segmentation method, at the expense of introducing an easy
semiautomatic step.
Experimental results over several real radiographs have shown the potential of the proposed technique as a previous step for further processing, either based on the shapes provided by the segmentation or oriented
to a segmentation-less analysis of the regions of interest that this segmentation supplies. However, further improvements in the robustness
and accuracy of the algorithm are still needed for it to be suitable from a
clinical viewpoint.
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8
Segmentation of the left
ventricle from MRI

8.1

Introduction

In this chapter, we present a semiautomatic method for the segmentation
of the endocardium of the left ventricle (LV) from 3D+T MRI images. This
segmentation is performed using the AdMoGIT segmentation model (see
Chapter 6), a problem that will serve in this chapter as a testbed for the
segmentation method, as well as a first step towards a functional analysis
of the LV.

The functional analysis of cardiac images, and particularly the monitoring of the evolution of the LV through the cardiac cycle, can greatly help in
the diagnosis, treatment and follow-up of cardiac diseases. The final goal
of the system —for which the segmentation that will be proposed here is
an initial step— is the derivation of the stress tensor of the myocardium
(and, specifically, of the LV) in order to study the functioning of infarcted
regions and the evolution when stem cells therapy is applied.

With regard to the organization of the chapter, an introduction to the
field of functional cardiac imaging is provided in the next section. Section
8.3 presents the employed segmentation method, whose experimental
results will be shown and discussed in Section 8.4. Finally, a brief summary will be made, highlighting the main conclusions.
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8.2

Functional cardiac imaging

Cardiac imaging techniques provide nowadays important information for
the diagnosis and treatment of cardiovascular diseases, which are the
first cause of death in the industrialized societies [79]. Using these techniques, qualitative and quantitative information not only about the morphology but also about the function of the heart and great vessels can
be extracted. In particular, spatio-temporal imaging through the cardiac
cycle allows to understand cardiac motion and perfusion, and how they
are affected by several types of diseases.

Different medical imaging techniques have been traditionally employed
for cardiac imaging, being angiocardiography, cardiac US, isotope imaging, cardiac CT, and MRI the most common among them.

Cardiac MRI is a well-established tool for obtaining information about
the morphology and function of the cardiovascular system. It provides
a high soft-tissue contrast discrimination between the flowing blood and
the myocardium, avoiding the need of any contrast medium or invasive
techniques. MRI has been employed for the study of the LV functioning
through classical descriptors of the cardiac function such as the stroke
volume, the ejection fraction and the LV mass [79, 113, 56, 130].

In order to perform a quantitative cardiac functional analysis, the segmentation of the cardiac chambers is needed. The issue of automatic or
semiautomatic segmentation of the LV from MRI has been addressed by
many researchers in the literature [111, 131, 54, 136].

Most often, the segmentation of the LV takes advantage of prior shape
knowledge that is taken into the segmentation process. This way, the
segmentation is constrained and the ill-posedness of the process due to
noise and image artifacts is overcome. Besides, the segmentation and
the shape modeling are simultaneously addressed under a common formulation, which is useful for many cases where geometrical models are
employed for the study of the cardiac function, for instance.
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8.3

Segmentation method

The segmentation of the endocardium of the LV we aim to perform will be
done from 3D+T cardiac MRI images, acquired at the Centro Diagnóstico
Valladolid 1 , on a General Electric Genesis Signa scanner. Images are
of size 512 x 512 x 14 x 20, as shown in Figure 8.1. It can be seen that
there are 14 short-axis slices for each of the 20 time points. It is also
worth noticing that there is a separation between consecutive slices of 6
units in terms of the pixel size.

T

P

Figure 8.1:

Dimensions of the 3D+T data volumes.

The supervised AdMoGIT method is the basis of the segmentation approach that has been designed for the segmentation of the endocardium
1 Centro Diagnóstico Valladolid is a diagnostic center located in Valladolid, Spain.
We thankfully acknowledge their courtesy for making the dataset available.
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of the LV. Specifically, the segmentation workflow, which is graphically
depicted in Figure 8.2, is as follows:
3D+T VOLUME

3D VOLUME (t=1)

3D VOLUME (t=T)

2D SLICE (p=1)

2D SLICE (p=P)

2D SLICE (p=1)

2D SLICE (p=P)

TRAINING

TRAINING

TRAINING

REGIONS

REGIONS

REGIONS

PARAMETER

PARAMETER

PARAMETER

ESTIMATION

ESTIMATION

ESTIMATION

SEGMENTATION

SEGMENTATION

SEGMENTATION

SEGMENTATION

SEGMENTED

SEGMENTED

3D SURFACE

3D SURFACE

SEGMENTED
3D+T SURFACE

Figure 8.2:

General workow of the endocardium segmentation method.

• Starting from the initial 3D+T volume, 3D data volumes are extracted for each time instant. Each of them consists of 14 slices
which, for t = 1, are shown in Figure 8.3. For each slice, a region of interest is extracted as a 161 x 141 subimage containing the
heart, in order to reduce the computational cost. As can be seen
in the figure, for slices with p = 1, 2, 3, 4, a cardiac valve appears in
the image, and so the segmentation is not intended to reach those
slices. Besides, slice with p = 14 is beyond the apex of the heart, so
this slice is not considered either. Therefore, the number of relevant
slices per time instant is P = 9.
• For each slice corresponding to a certain time instant, a few points
are picked by the user for both region 1 (i.e. the ventricle cavity
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Figure 8.3:

Complete set of 14 slices for time instant t = 1.

inside the endocardium) and region 2 (the myocardium and the rest
of the image). Small circles around these marked points are taken
as training regions for that slice. Figure 8.4 shows the result of this
process for a sample slice. With regard to the apex of the heart,
this is a salient point that is manually placed for each time instant
on the corresponding slice. This point is directly considered as the
segmentation result for the slice where it is located.
• Using the training regions that have been clicked in by the user, the
parameters of the Gaussian mixtures over the intensity and the LST
are estimated. A maximum number of 4 components is allowed for
each mixture so that enough flexibility is assured with a reasonable
computational expense.
• A detailed analysis of the MRI data shows that, for a fixed instant
time, the intensity and LST features inside and outside the endocardium change significantly as the slice number evolves. As the
visualization of PDFs over tensor fields is obviously not straightforward, we illustrate in Figure 8.5(a) the estimated PDFs for the intensity over region 1 (blue) and region 2 (red), for fixed t = 1 and varying p = 5, . . . , 12. As can be seen, the estimated distributions suffer
a transformation as the slices change. The same conclusion can
be also derived from Figure 8.5(b), where all the estimated PDFs
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for region 1 along the different slices are drawn together. Clearly,
the parameters that have been estimated for one slice cannot be
applied to another, and so on. Due to this reason, the introduction
of training points is repeated for every slice.
If we perform the same analysis for a fixed slice but varying time
instant, however, the situation changes. Figure 8.6, although extremely messy, nicely shows that the estimated PDFs for a fixed
slice with p = 5 and varying time instants t = 1, . . . , 20 have a
greater similarity. We take advantage of this fact by propagating
the estimated parameters, obtained over all the slices for a certain
time instant, to all the remaining time instants. This way, the amount
of user interaction is considerably reduced while the segmentation
accuracy is maintained.
• Once the mixture parameters for all the slices and time instants
are available, the segmentation process is performed using the AdMoGIT model that was described earlier in this thesis (see Chapter
6). As this segmentation method is region-based, and it is performed within a level set framework, other unconnected regions with
similar properties than those of the interior of the endocardium can
be obtained as a segmentation result. A simple postprocessing step
based on the prior knowledge about the approximate size and posi-
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Figure 8.5:

Analysis of the estimated intensity PDFs for slices p = 5, . . . , 12,
and xed t = 1.
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tion of the endocardium can solve this problem.
• Although the propagation of the estimated parameters through the
different time steps is justified by the homogeneity of the corresponding regions across time, in some individual occasions the segmentation results can fail. Should this happen, or just in order to refine an unsatisfactory segmentation result on a particular slice, new
training regions can be placed in order to obtain a more suitable
parameter estimation, and new results are thus obtained.
• After obtaining the segmenting contours for each slice at all time instants, a segmenting surface is obtained for each time instant as the
3D reconstruction from the 2D segmented contours. At this point,
special care must be taken with the fact that the voxel spacing in the
longitudinal axis is 6 times that of the short axis corresponding to
the segmented slices. Therefore, in order to keep a correct aspect
ratio, linearly interpolated segmented slices are introduced between
each two actual segmented slices. If we denote by φi and φj the
level set functions that represent the segmenting contours at slices
p = i and p = j, respectively, the interpolated level set function φk
to be placed at a distance di to slice i and a distance dj to slice j,
is simply obtained as:
φk =

dj φi + di φj
di + dj

(8.1)

As the linear interpolation of level set functions can produce abrupt
results, a convolution with a Gaussian kernel is performed that also
acts as a general regularization of the obtained 3D segmenting surface.
• Finally, the 3D segmenting surfaces that have been obtained for
each time instant are concatenated in order to obtain a 3D+T segmented reconstruction of the endocardium that allows an analysis
of the endocardium functioning over a cardiac cycle.
It must be noted that the AdMoGIT segmentation algorithm that has
been employed for the endocardium is equally suitable for any number of
dimensions. Therefore, the issue of performing a 3D or even 4D segmentation must be discussed. Indeed, considering the segmentation in higher
dimensions shows certain important advantages: first, spatial coherence
is naturally introduced, whereas it is not inherently present in the proposed 2D segmentation method; second, a single segmentation process

155

New Insigths on Multidimensional Image and Tensor Field Segmentation
has to be performed, and no further segmentation and reconstruction procedures are necessary. However, serious disadvantages also appear with
the use of 3D or 4D segmentation that may discourage their use. First,
the user interaction that is required in order to place the training points
becomes more complicated than in the 2D case. Second, the properties
of the region to be segmented vary across the longitudinal coordinate p,
as has been showed before. This implies that a single set of parameters
will not be valid to approximate the PDFs of the intensity and the LST for
all slices. A possible solution to this problem is the division of the data
volume into different regions of influence, and the separate estimation of
the parameter of the Gaussian mixtures for them. Again, this difficulty
complicates the design of a 3D/4D segmentation process. Finally, the
introduction of prior knowledge in order to remove spurious or incorrect
results in the segmentation becomes more difficult in higher dimensions.
All in all, and although performing the segmentation directly in 3D or 4D
is conceptually more appealing, this possibility has been discarded due
to the difficulties that it implies for this particular problem.

8.4

Experimental results

In this section, we show the successive partial results corresponding to
the segmentation of the endocardium from 3D+T MRI data, following the
procedure that has been described in the preceding section.
In Figure 8.7 we first show the obtained segmenting contours for all
the slices of interest, at some of the 20 different time instants. As can be
seen, the segmentation results accurately fit the endocardium contour in
most of the cases.
A detailed analysis for the segmenting contours in all time instants
show that, out of the 180 total number of slices, 5 segmenting contours
were clearly incorrect. One of these cases can be seen in Figure 8.7(b),
for the slice with p = 12 (the last one before the apex). For this slice,
the segmenting contour does not correspond to the endocardium, and a
different anatomical structure has been segmented instead. In part, this
is due to the fact that, for the slices that are closer to the apex, the size
of the region inside the endocardium becomes very reduced. Because
of this, the segmenting algorithm finds more trouble at successfully segmenting the contour, first because of the limited resolution of the slices,
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Segmenting contours for the slices of interest at time instants t =
1(a), t = 4(b), t = 11(c) and t = 20 (d).
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and second because the postprocessing that removes possible spurious
results can choose the wrong contour, as these spurious and the correct
contour have similar sizes. Apart from these clearly incorrect segmenting
contours, other 6 slices were considered to need further refinement, and
training regions were again placed on them to repeat the segmentation
process.
Once satisfactory results have been obtained for all the slices of interest, the reconstruction process is performed in order to obtain, first, a 3D
volume for each time instant and, finally, a time sequence of 3D volumes.
In order to gain insight on the reconstruction process, we first show in
Figure 8.8(a) the contours corresponding for the different slices in a certain time instant. As can be seen, the separation between slices makes
the inclusion of artificial slices between them necessary in order to provide visually compelling as well as physically reasonable results. If the
segmenting contours are simply replicated along these intermediate results, the obtained segmentation would seem completely unnatural, as
can be seen in Figures 8.8(b),(c). Since the need for the interpolation and
regularization of the segmenting contours along the intermediate slices is
clear, a linear interpolation is first applied to obtain the segmenting contour for all the slices. Results, although showing a better reconstruction
than a simple replication of the slices, still need further regularization,
as shown in Figure 8.8(d). This regularization is performed by means of
a convolution with a 3D Gaussian kernel, and yields the reconstructed
segmenting surface of the endocardium that is depicted in Figure 8.9.
Finally, the concatenation of the segmenting surfaces for all time instants permits the 3D+T reconstruction of the endocardium and can be
watched as an animation in order to observe the dynamic behaviour of
this cardiac structure. In Figure 8.10, we show the sequence of images
of such a movie.

8.5

Conclusions

In this chapter, a semiautomatic method for the segmentation of the endocardium from 3D+T MRI images has been presented, as a proof of
concept for the AdMoGIT segmentation algorithm proposed in Chapter 6

158

New Insigths on Multidimensional Image and Tensor Field Segmentation

140
130
140

120

130

110

120
110

100

100

90
90
150

80

80
100
70

70
5

10

15

20

Figure 8.8:

25

30

50
35

40

10

45

20

30

(a)

(b)

(c)

(d)

40

50

100

150

Segmenting contours positioned in a 3D volume (a); replicated
contours for all slices of the 3D volume (b); 3D surface obtained
by replicating the obtained segmenting contours (c); 3D surface
obtained by linear interpolation between the segmenting contours
(d).

159

New Insigths on Multidimensional Image and Tensor Field Segmentation

Figure 8.9:

Reconstructed segmenting surface for the endocardium at time instant t = 1, after interpolation and regularization.
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Figure 8.10:

Time sequence, for a complete cardiac cycle, of 3D segmented
surfaces for the endocardium.
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of this thesis. The segmentation is performed for every 2D slice in the
long axis and time instant, and afterwards the sequence of segmenting
3D surfaces is reconstructed.
Since training regions are needed for the estimation of the parameters of the Gaussian mixtures, both in the intensity and the LST domain,
a user interaction step is required to locate training points belonging to
both regions. However, this stage is not needed for every slice in the
long axis (p) and time (t) coordinates, as the slices corresponding to the
same coordinate p for different time coordinates share common properties. Thus, the amount of user interaction is greatly reduced, and the additional placement of training regions is only needed in particular cases
where the results are not satisfactory.
After the segmentation of the 2D slices has been performed, 3D surfaces are reconstructed taking into account the acquisition geometry, which
motivates the application of a regularization step in order to achieve smooth
segmenting surfaces. The concatenation of these obtained surfaces yields
a sequence describing the dynamic behaviour of the endocardium through
a whole cardiac cycle.
Results have shown that the complete segmentation algorithm is able
to successfully perform the segmentation with a reasonable amount of
user interaction. Even though, some limitations can be detected in the
proposed approach that implicitly suggest possible directions to improve
the technique. Specifically, the segmentation of those slices where the
region inside the endocardium is very reduced is problematic, and improvements are needed both in robustness and accuracy. Furthermore,
the use of prior knowledge can be further exploited in order to provide a
postprocessing and monitorization of the partial segmentation results, as
well as for reducing the need for the manual delineation of the training
regions.
Since the segmentation of the left ventricle in particular, and the functional analysis of cardiac images in general, are very important topics in
medical image analysis and a considerable amount of approaches have
been proposed in the literature, a detailed comparison of the present
method with other related techniques is an important issue that also needs
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to be considered as a future work direction.

163

New Insigths on Multidimensional Image and Tensor Field Segmentation

164

9
DT-MRI Segmentation

9.1

Introduction

In this chapter, the segmentation of anatomical structures from DT-MRI
data is addressed as a proof of concept of the MoGoT tensor field segmentation method proposed in Chapter 6, based on the definition of mixtures of Gaussians on tensors.
As explained in deeper detail in Section 3.5, the segmentation of tensor
fields has evolved in the last few years from the use of scalar representations of the tensors [234] to more appropriate tensor dissimilarity measures [74, 226, 216, 217, 104, 121, 127, 103, 122, 105] within increasingly
more sophisticated variational segmentation approaches. Most of the advances in this field have been driven by the appearance of DT-MRI as an
emerging medical imaging modality that allows the in vivo measurement
of the anisotropy properties of water diffusion in tissues. This new modality opens new possibilities for the analysis of anatomical structures whose
visualization is not feasible using conventional MRI.
With regard to the different human anatomical brain structures whose
segmentation from DT-MRI has been attempted, the thalamus and its nuclei were segmented in [226, 105]. In [234, 104, 106, 121, 127, 122] the
corpus callosum was segmented, while the cortico-spinal tract was extracted in [106, 127]. Other structures such as the lateral ventricles have
been also segmented [121].
In order to illustrate the capabilities of the proposed segmentation method
for a different application domain than those shown in previous chapters,
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we will apply it to the segmentation of the corpus callosum from a set of
DT-MRI images. This particular structure has been chosen since it constitutes a valuable benchmark for the evaluation of tensor field segmentation
methods, as it has been attempted in more cases than other structures.
Besides, the introduction of initial contours for the segmentation can be
easily done from slices showing the FA, while the delineation of these
initial contours for other structures such as the thalamus nuclei is much
more problematic.
To that end, the structure of this chapter is organized as follows: in
the next section, we briefly describe the employed dataset, as well as the
segmentation method that has been used. In Section 9.3, the obtained
segmentation results are presented and discussed, together with a preliminary quantitative analysis of these results. Finally, some conclusions
will be extracted with a focus on the potential applications of the proposed
techniques.

9.2

Segmentation method

As introduced in Chapter 6, the definition of mixtures of Gaussians over
tensor fields allows for the formulation of the segmentation within the GAR
model, minimizing the energy term introduced in Eq. 6.57, which we
reproduce here for the reader’s convenience:
Z
E(C, Θ1 , Θ2 ) = −
log p(T(x)|Θ1 )dx
Z Ω1
−
log p(T(x)|Θ2 )dx + ν|C|
(9.1)
Ω2

The segmentation will be performed according to the following characteristics:
• The employed dataset consists of of DT-MRI volumes of 32 subjects, which were acquired on a 1.5 Tesla scanner. The acquisition
parameters were: b value = 1000 sec/mm2 , TE=1000 msec, TR=89
msec, along six diffusion-sensitizing directions. The images were
obtained on 79 planes with 128 x 128 pixels per slice 1 An example
1 This volume dataset was kindly made available by the Signal Processing Institute at
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of the resulting DT-MRI volumes is shown in Figures 9.1, 9.2, where
different visualization techniques have been employed.
• Since the original dimensionality of the DT-MRI volumes is 3D, the
segmentation will be performed directly in that dimension. It is important to note that, unlike in the preceding chapter, no reasons
make it advisable to perform the segmentation in a 2D slice by slice
fashion in this case.
• The maximum number of components for the Gaussian mixtures
over the tensor field will be 5 for each class.
• As for initial contours, the body of the corpus callosum will be roughly
delineated for 3 central sagittal slices of the volume, upon the visualization of the FA (Section 3.5.1, Eq. 3.25). The delineation and
the resulting initial surface are shown for a sample volume in Figure
9.3.
• Following an EM approach, the level set evolution and the update
of the parameters of the Gaussian mixtures are iterated until convergence. In order to reduce the computational expense, the parameters will be updated once every five level set iterations, instead
of once every iteration. Also, only a random selection of points uniformly distributed over the image (after the consideration of a mask
that delineates the skull) is used for the parameter estimation of the
background.

9.3

Experimental results

The segmentation method, the details of which have been introduced the
preceding section, has proved to successfully extract the corpus callosum
from DT-MRI images; results that follow let us support this statement.
First, for a sample DT-MRI volume, we show in Figure 9.4 the segmenting surface at six different stages of the segmentation process. As can be
seen, the segmentation evolves from the initial surface, growing appropriately to eventually capture the whole corpus callosum until it reaches a
the École Polytechnique Fédérale de Laussane, within a research collaboration under the
scope of the 6th Framework Program Network of Excellence Similar. This is thankfully
acknowledged.
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Fractional anisotropy and color coding of the main tensor orientation of a sagittal slice (a),(b); coronal slice (c), (d); axial slice (e),
(f).
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Figure 9.3:

(a) Delineation of the initial contour for the mid-sagittal slice; (b)
Initial level set; (c) Initial level set superimposed over axial, coronal
and sagittal slices.
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Figure 9.4:

Initial contour and dierent stages of the evolving level set for a
sample DT-MRI volume.

steady state.
In Figure 9.5, the segmented corpus callosum for a sample volume is
depicted from different viewpoints, in order to better describe the shape
of the segmented structure. The corpus callosum, together with the skull
and the white matter, are represented in Figures 9.6, 9.7 using different
degrees of transparency.
Results shown so far illustrate the performance of the segmentation
method for a single sample volume. In order to illustrate the overall performance for all the volumes in the employed dataset, in Figures 9.8, 9.9,
9.10, 9.11 we reproduce all these segmentation results, in four different
groups. These four groups correspond to right-handed women (WR),
right-handed men (MR), left-handed women (WL) and left-handed men
(ML), respectively.
Once the suitability of the proposed method for the segmentation of the
corpus callosum has been assessed, we next compare its performance
with different variations of the model; specifically:
• In Figure 9.12(a), we show the obtained segmentation result for the
application of our segmentation approach based on the fractional
anisotropy data instead of the diffusion tensor (MoGoFA, Mixtures
of Gaussians on Fractional Anisotropy ). Therefore, scalar mixtures
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Figure 9.5:

Dierent perspectives of the segmented corpus callosum.

of Gaussians were employed.
• In Figure 9.12(b), the segmentation result for a sample volume using the proposed method in a strictly supervised manner is shown
(SMoGoT, Supervised Mixtures of Gaussians on Tensors). This implies that the estimation of the parameters of the Gaussian mixtures
is performed before the segmentation process, based on the initial
contours delineated by the user on three central sagittal slices, for
region 1, and on random points outside this contours, for region 2.
These parameters are employed through all the level set evolution,
as the EM approach is not applied. The maximum number of components of the Gaussian mixtures is 5.
• In Figure 9.12(c), the segmentation result for the same sample volume is shown, where the segmentation approach is identical to the
one before, except that the maximum number of components of the
Gaussian mixtures has been set to 1.
• Figure 9.12(d) shows the corresponding segmentation for the MoGoT
approach that has been proposed in this chapter, where the maximum number of components has been again set to 1. The MoGoT
segmentation method, using one Gaussian component for each re-
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Figure 9.6:

Dierent views of a 3D composition of the corpus callosum, white
matter and head surfaces.
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Figure 9.7:

Figure 9.8:

3D composition of the corpus callosum, white matter and head
surfaces.

Segmentation results for the corpus callosum of the volumes belonging to group WR.
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Figure 9.9:

Segmentation results for the corpus callosum of the volumes belonging to group MR.

Figure 9.10:

Figure 9.11:

Segmentation results for the corpus callosum of the volumes belonging to group WL.

Segmentation results for the corpus callosum of the volumes belonging to group ML.
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gion, is indeed equivalent to the segmentation approach successfully proposed by Lenglet et al. [126, 123, 122], of which the segmentation technique presented in this thesis is an extension.
• Finally, in Figure 9.12(e), the original segmentation result with the
MoGoT segmentation method is shown for comparison (the maximum number of Gaussian components is 5).
The comparison of the obtained results allows the discussion of a number of interesting items. First, it is clear that the use of a scalar descriptor of the anisotropy as the fractional anisotropy does not suffice for the
segmentation of the corpus callosum. Although scalar tensor invariants
were employed in [234] for the segmentation of the corpus callosum and
other brain structures, our results suggest that a very fine tune of the parameters would be needed for a successful segmentation, thus making it
difficult for its general use.
With regard to the use of a supervised version of the proposed segmentation algorithm, results in Figure 9.12(b),(c) show that these supervised variants have trouble at successfully segmenting the region of the
splenium. Indeed, the supervised functioning of the segmentation algorithm has a lack of flexibility, as it entirely relies on the parameters estimated in the training stage. Since the initial contours were delineated on
three mid-sagittal slices, the estimated parameters are not able to fully
capture the variability of the complete corpus callosum. Within a supervised mode, if the number of Gaussian components increases, the flexibility of the estimated model tends to decrease due to an overfitting effect,
a fact that explains the smaller extension of segmentation result in Figure
9.12(b) with respect to Figure 9.12(c).
In order to improve the flexibility of the model, supervised operation can
be substituted by an EM approach, where the parameters of the mixture
are iteratively estimated for each step of the level set evolution (actually,
this is done every 5 iterations, in order to reduce the computational cost).
In Figure 9.12(d), however, it can be seen that the obtained segmentation has evolved beyond the limits of the corpus callosum. This is due to
the fact that the use of an EM approach allows a higher adaptiveness of
the model. If a single Gaussian is used, and because the data require
a higher number of modes to be modeled, the estimated parameters will
correspond to a Gaussian with the mean value of the data and a very high
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(a)

(b)

(c)

(d)

(e)
Figure 9.12:

Segmentation results, for a sample volume, using MoGoFA (a);
SMoGoT, Kmax = 5 (b); SMoGoT, Kmax = 1 (c); MoGoT,
Kmax = 1 (d); MoGoT, Kmax = 5 (e).
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variance, which means that its discriminant capacity will be low. Therefore, the model does not adequately fit the data, and the segmentation
keeps growing past the corpus callosum. If the use of the EM approach
is compensated with a higher number of Gaussian components, however,
the evolution of the level set is driven by a model that adequately fits the
data and captures the intrinsic variability of the corpus callosum, and so
does not escape beyond its limits. This point constitutes an advantage of
the general MoGoT segmentation method over the single Gaussian approach by Lenglet et al., although further investigation must be made on
the tradeoff between adaptivity and flexibility of the data model in order to
advance towards more robust DT-MRI segmentation methods.
Finally, and in order to exemplify the capabilities of the proposed segmentation method for the extraction of anatomical structures from DT-MRI
data, we will now revisit the controversy about the influence of the lateralization on the shape and size of different brain structures [93]. In fact,
several studies have reported an increase of size in the posterior corpus
callosum in left-handed (LH) with respect to that of right-handed (RH),
although even more studies have denied this point [26]. The relationship
between cerebral asymmetries and callosal size and shape is far from
clear, according to [135]. In [93], the influence of the lateralization on
the number of interconnections in the language areas of the left and right
hemispheres was assessed by means of DT-MRI tractography, employing
the same dataset that we have employed here. The dataset is divided in
four groups: WR (Women, Right-handed), MR (Men, Right-Handed), WL
(Women, Left-Handed), ML (Men, Left-Handed).
Based on the segmentation results obtained for all 32 volumes in the
dataset, in Tables 9.1- 9.4 we show the overall volume for each segmented corpus callosum (V ), together with the part of the volume lying
on each side (R, right and L, left), divided by a mid-sagittal plane. The
difference between both parts, divided by the total volume, is also shown.
A summary of the mean values and standard deviations of the obtained
values is given in Table 9.5. In order to prove whether the fraction RV V−LV
has, over different groups, means that are significantly different from each
other, a t-test was performed [189]. Results show that there is no statistically significant difference between this variable on WR and WL groups
(p = 0.5364). For the MR and the ML groups, we obtained p = 0.2645. It is
clear that results have no statistical significance, but the small number of
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GROUP WR
V

3307

3497

4635

2622

3192

4907

3709

3164

RV

1457

1037

2055

1910

1584

1296

1397

2301

LV
RV −LV
V

1850

2460

2580

712

1608

3611

2312

863

-0.1188

-0.4069

-0.1133

0.4569

-0.0075

-0.4718

-0.2467

0.4545

Table 9.1:

Lateralization parameters obtained for Group WR.

GROUP MR
V

2757

4363

4479

4228

3498

4564

4485

4100

RV

1335

1137

2640

2200

1629

2399

1890

1391

LV

1422

3226

1839

2028

1869

2165

2595

2709

-0.0316

-0.4788

0.1788

0.0407

-0.0686

0.0513

-0.1572

-0.3215

RV −LV
V

Table 9.2:

Lateralization parameters obtained for Group MR.

cases considered might suggest that there is anyway a slight bias in the
shape of the corpus callosum related to the lateralization, i.e. LH subjects
tend to have a higher right volume that the left volume, and vice versa.
In order to assess an statement in any direction about this hypothesis,
however, further investigation is needed.

9.4

Conclusions

In this chapter, the MoGoT segmentation method has been applied to the
segmentation of the corpus callosum from a set of DT-MRI images. Using
a rough delineation on three central sagittal slices as the initial surface,
results show that the proposed method has been able to successfully perform the desired segmentation in all the 32 cases tested.
The comparison of the proposed model —based on the modelization
of the tensor field by means of Gaussian mixtures— with a model based
on the use of a single Gaussian, shows that the use of multiple Gaussian
components presents certain advantages that can help overcome some
limitations derived from the use of a single component. Further investigation is needed in this direction, however, in order to achieve better
segmentation approaches, both in robustness and accuracy, for the segmentation of anatomical structures from DT-MRI.
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GROUP WL
V

3445

2874

3472

2897

2126

4251

2696

3727

RV

1966

1507

1597

1184

991

2055

1411

2575

LV

1479

1367

1875

1713

1135

2196

1285

1152

0.1414

0.0487

-0.0801

-0.1826

-0.0677

-0.0332

0.0467

0.3818

RV −LV
V

Table 9.3:

Lateralization parameters obtained for Group WL.

GROUP ML
V

3631

3876

5325

4176

3493

4365

4147

4158

RV

2171

1819

2868

2099

1895

1969

1689

2101

LV

1460

2057

2457

2077

1598

2396

2458

2057

0.1958

-0.0614

0.0772

0.0053

0.0850

-0.0978

-0.1854

0.0106

RV −LV
V

Table 9.4:

Lateralization parameters obtained for Group ML.

As an example of the potential uses of the obtained segmentation results, an analysis of the corpus callosum volumes has been performed
that suggest a certain influence of the lateralization on the shape and distribution of the corpus callosum, although no statistical significance was
found. However, this issue must be tackled carefully and deeper research
is needed in order to reach a more solid conclusion concerning this matter.
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WR

MR

WL

ML

MEAN

STD

MEAN

STD

MEAN

STD

MEAN

V

3629

774

4059

626

3186

667

4146

561

RV

1629

424

1827

544

1660

514

2076

358

LV
RV −LV
V

Table 9.5:

STD

1999

953

2231

577

1525

374

2070

378

-0.056

0.351

-0.098

0.2144

0.031

0.172

0.003

0.119

Mean values and standard deviations for the lateralization parameters obtained for all groups.
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10
Conclusions, Contributions
and Future Work
10.1

Conclusions

This thesis has dealt with the segmentation of multidimensional images
and tensor fields. Two main ideas have been explored, and advances
have been achieved related to them.
The first idea is the combination of the intensity and the texture information that are present in an image in order to perform a segmentation task. Because the well-known LST representation of textures has
been adopted, this yields to the problem of combining sources of information that are not commensurate (i.e. scalar or vector and tensor, respectively) into a meaningful and appropriate segmentation scheme. Related
to this, the issue of how to adaptively weigh the relative importance of
both sources of information based on their respective discriminant power
has also arisen as an interesting subject.
The second major idea in this thesis is the segmentation of tensor
fields. Starting from state-of-the-art region-based approaches for the segmentation of tensor data, an extension has been derived based on the
modeling of tensor data by means of Gaussian mixtures. This approach
constitutes an stand-alone segmentation method for tensor fields, as well
as a useful tool for the combined use of intensity and texture for segmentation explained in the paragraph before.
This dissertation has been structured around three main parts. The
first one serves as a theoretical background about the different elements
that are brought together in this work. Level set segmentation and ten-
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sors are the two key concepts in this part. The level set representation
of moving interfaces for segmentation was introduced as a previous step
for the study of the main approaches for region-based segmentation that
configure the state of the art in this topic. Tensor magnitudes were also
introduced with a focus on image processing and, thus, the LST and the
diffusion tensor were studied. Level sets and tensors finally merge with
the review of the most recent level set segmentation approaches for tensor fields that constitute the starting point for the theoretical contributions
of this thesis.
The second part is the technical corpus of this dissertation. From the
perspective of the combination of intensity and texture for segmentation,
three different approaches have been proposed with an increasing level of
refinement. The first one, presented in Chapter 4, is based on the use of
modified LST tensor architectures that incorporate intensity information.
Results on synthetic datasets showed that these approaches outperform
previous approaches based on the use of the LST alone or the vector
processing of the LST information.
In Chapter 5, the combination of intensity and texture is addressed
from a different perspective. Thanks to the use of a common energy
formulation, the natural representation of each feature is respected by
means of the use of the appropriate distance measures (i.e. Euclidean
distance for the intensity/colour and Kullback-Leibler or geodesic distance
for the LST). This very formulation suggest the possibility of an adaptive
weighting between both components, based on the estimated discrimination capability of each feature. To that end, a novel metric between tensors was defined that is a bounded quantity, making the adaptive weighting possible. Again, results proved this approach to be fully competitive
with the techniques presented in the chapter before and other methods in
the literature.
Chapter 6 extends the approach introduced in the chapter before through
an improved formulation of the tensor field segmentation. This is achieved,
first, thanks to the modeling of the tensor field with a Gaussian distribution
on tensors and, second, to the extension of this idea with the introduction
of the novel concept of mixtures of Gaussians over tensors. This way,
both an improved segmentation framework combining intensity and texture and an stand-alone tensor field segmentation method were obtained.
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Furthermore, the resulting parallel formulation on the intensity and the
LST feature space allowed for the use of the Kullback-Leibler distance
between probability distributions as a tool to measure and compare the
discriminant power of the intensity and LST features.
The last part of the dissertation is an experimental section that consists of three different medical imaging applications that serve as proofs
of concept for the proposed methods. In them, the segmentation approach presented in Chapter 6 is applied, as it represents the furthermost refinement of the intensity/texture segmentation approaches that
have been presented, and because the use of Gaussian mixtures on tensors constitutes the contribution of this thesis in the topic of tensor field
segmentation. Chapter 7 and Chapter 8 are devoted to the segmentation of 2D hand radiographs and 3D+T cardiac MRI images, respectively,
whereas Chapter 9 focuses on the segmentation of anatomical structures
from DT-MRI.

10.2

Contributions

Even though the main contributions of this thesis have been implicitly
formulated in the preceding section and throughout this dissertation, we
next enumerate them explicitly. First, we concentrate on the contributions
that are relevant from a more theoretical viewpoint:
• The application of the GAR model over the distribution of tensor
distances of the LST. This method, that goes a step forward when
compared to the ACWE model proposed by Wang et al. [217, 216]
had been proposed for the segmentation of DT-MRI data [121, 125],
but never applied before for the segmentation of textures with the
LST.
• The introduction of novel structure tensor architectures that include
intensity or colour information. The ELST, CLST and ACLST have
shown to be fully competitive for the segmentation of real textures
and, in the case of colour images, the ACLST was able to outperform all the other tested segmentation methods.
• The proposal of a unique energy minimization framework, based on
the GAR Gaussian model on the distances in the feature space, that
allows for the usage of an appropriate distance measure for each
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type of feature. Thus, the J-divergence or the geodesic distance
may be used as tensor dissimilarity measures, whereas Euclidean
distance was employed for the intensity or colour features.
• The definition of a novel distance measure between tensors, which
constitutes a valid metric and turns out to possess the interesting
property of being a bounded quantity between 0 and 1, has let us
derive a simple yet effective method to adaptively balance the relative power of the texture-based and intensity-based components of
the energy based on the present state of the segmenting contour.
• The definition of Gaussian mixtures on tensor fields, together with
the study of the ML estimation of the parameters of the mixtures.
This has allowed the definition of the MoGoT segmentation method
for tensor fields, within a GAR framework, based on the statistical
modeling of the tensor PDF using mixtures of Gaussians.
• The proposal of a segmentation method for scalar/vector images
based on the combination, under a common GAR framework, of
the intensity and LST-based information with a statistical modeling
of Gaussian mixtures. This proposed segmentation approach (AdMoGIT) is especially well suited for supervised segmentation where
training regions are available.
• The definition of a new weighting procedure for the adaptive balance between the intensity and the texture components, based on
the KL distances between the feature statistical distributions in both
regions. A procedure has been devised for the calculation of the KL
distances between general probability distributions in tensor fields
based on the use of Monte Carlo simulations.
With regard to the applications, the following contributions are relevant:
• The application of the AdMoGIT segmentation method for the extraction of bone contours in hand radiographs. A unified approach
is applied to the whole image in order to perform the segmentation
of all the regions of interest.
• The development of an automatic procedure to locate the training
seeds needed for the estimation of the mixture parameters over
both regions, based on the anatomical prior knowledge about the
structure of the hand.
• The introduction of a refinement stage in the segmentation process
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based on the addition of new training points to re-estimate the statistical parameters, in order to achieve a semiautomatic yet robust
segmentation process.
• The application of the AdMoGIT segmentation method for the segmentation of the endocardium from 3D+T MRI images, performed
by means of the segmentation of 2D slices and the subsequent reconstruction of the 3D sequence.
• The application of the MoGoT approach for the segmentation of the
corpus callosum from DT-MRI images, within an EM framework that
allows the successive estimation of the parameters of the Gaussian
mixtures along the level set evolution.
• The test of the proposed approach for the segmentation of a dataset
composed of 32 DT-MRI volumes, showing the capabilities of the
method. To our knowledge, very few studies have performed the
segmentation of anatomical structures for different subjects [103,
226], and none of them has employed a dataset of this size.

10.3

Future Work Directions

Following the work presented in this dissertation, further research may
still be done in order to improve the techniques that have been proposed
and overcome their limitations. Besides, new ideas have appeared that
suggest future work directions. Among others, we can distinguish the
following theoretical research topics:
• As pointed out before in this thesis, the search for the optimum scale
level at which the LST is computed has not been considered. Thus,
the estimation of the local scale should let us progress in the design of a fully automated segmentation process. The notion of local
scale, as employed in [42], can be used for this purpose.
• All the segmentation methods proposed in this thesis are regionoriented. Boundary-based terms, although sometimes causing difficulties due to leaking problems, can be a good complement to
region-based segmentation in order to refine the results for the obtention of a more accurate segmentation.
• The introduction of tensor processing for image analysis has led
to the appearance of numerous techniques for the visualization of
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tensors and tensor fields. Equally, the use of PDFs on tensors
opens the possibility to derive novel techniques for the visualization
of Gaussian PDFs on tensors and Gaussian mixtures on tensors, as
a new way to describe the regions that these densities characterize
and gain insight on the separability of different regions.
With respect to the medical imaging applications, the following future work
directions may be considered:
• With regard to the application of the proposed segmentation methods to medical images, the introduction of the training regions or
initial contour by the user, together with the design of an interaction step in order to supervise or refine the results, clearly point
towards the necessity of easier and more advanced ways for the
user to interact with the segmentation process. Although this issue leads to the very wide research fields of usability and humancomputer interaction, it must not be forgotten that, most of the times,
completely automated image analysis method are still unfeasible for
their practical use, whilst semiautomatic approaches can certainly
reach higher robustness and accuracy standards.
• The definition of Gaussian mixtures on tensor fields for segmentation opens the possibility of their application to the related field of
DT-MRI fibre tracking.
• Further refinement of the proposed approach for the segmentation
of the endocardium from MRI is needed in order to improve the
robustness and accuracy. Particularly, prior anatomical knowledge
may be further exploited, also helping to reduce the amount of user
intervention. Future work in this topic will also include the extension of the segmentation method to the epicardium, as well as the
comparison with other approaches in the literature.
• The MoGoT method for the segmentation of anatomical structures
from DT-MRI may be applied to other relevant structures within the
brain, such as the thalamus or the corticospinal tract, for instance.
• The analysis of the influence of the lateralization on the shape and
distribution of the corpus callosum needs further and careful research in order to reach significant conclusions.
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Appendix A

This appendix is devoted to the compilation of some basic elements from
differential geometry that are employed throughout the thesis, in order
to provide a clearer view of the concepts that are being applied. Differential geometry is the study of Riemannian1 manifolds. Differential geometry can be seen from an both and extrinsic and an intrinsic point of
view. From an extrinsic point of view, curves and surfaces are considered
as lying in an Euclidean space of higher dimension. From an intrinsic
viewpoint, which was developed starting with the work of Riemann, it is
not possible to move outside the geometric object, as it is considered
as standing by itself. The following concepts [155] are of interest in this
dissertation:
• Manifold
A manifold is a topological space that is locally Euclidean, i.e. around
every point there is a neighbourhood that is topologically the same
as the open unit ball in Rd .
• Metric tensor
Also called Riemannian metric, the metric tensor G = [gij ] is a
symmetric and positive definite second-order tensor that contains
information about how to compute the distance between any two
points in a given space. The components of the metric tensor. gij ,
can be viewed as multiplication factors that must be placed in front
of the differential displacements dx. Therefore, the arc length, ds,
between to infinitely close points x and x + dx is given by
2

ds =

d X
d
X

gij dxi dxj

(A.1)

i=1 j=1

1 Georg Friedrich Bernhard Riemann (1826-1866) was a German mathematician who
made important contributions to analysis and dierential geometry.
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The Euclidean space Rd is defined by a metric gij = δij , where δ is
the Kronecker delta.
• Riemannian manifold
From the definition of metric tensor, a Riemannian manifold is defined as a manifold possessing a metric tensor.
• Geodesic
The geodesic is the shortest curve between two points x and y, that
is, a locally length-minimizing curve in a Riemannian manifold. As
the metric tensor affects the notions of distance and acceleration in
that space, the arc-length along a curve C(p) : I → Rd parametrized
by p from p = a to p = b in a Riemannian manifold characterized by
the metric tensor G is
Z b
∂C
L(C) =
g()dp
(A.2)
∂p
a
• Curvature
Generally speaking, curvature is the amount by which a geometric
object deviates from being flat. Different kinds of curvature can be
considered, and a key distinction must be made between extrinsic
curvature, defined for objects embedded in another space, an intrinsic curvature, defined at each point in a differential manifold. In
order to define the different types of curvatures, related concepts
must be first introduced. If p is a point on a surface embedded in
R3 , then for each tangent vector v to the surface at p, let us consider
the derivative
Sp (v) = −∇v N
(A.3)
where N is a unit normal vector field on a neighbourhood of p in
the surface. Sp ) is called the shape operator of the surface at p
derived from N. From the shape operator, the normal curvature of
the surface in the direction of the tangent vector v is
κ(v) = Sp )(v)v

(A.4)

Obviously, the normal curvature varies with the choice of the tangent vector (v). The maximum and the minimum values of the normal curvature at a point p are called the principal curvatures, κ1
and κ2 , and the directions of the corresponding tangent vectors are
called principal directions.
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The Gaussian curvature, named after Carl Friedrich Gauss, is equal
to the product of the principal curvatures, κG = κ1 κ2 . This definition of the curvature uses the surface’s embedding in R3 , but has
however the intrinsic property of not depending on the particular
embedding on the surface; intuitively, this means that ants living on
the surface could determine the Gaussian curvature. This is Gauss’
celebrated Theorema Egregium.
The mean curvature is equal to the sum of the principal curvatures,
κM = κ1 + κ2 . Unlike Gaussian curvature, the mean curvature is
extrinsic and depends on the embedding of the surface.
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Appendix B

In this Appendix we provide the demonstration of β1 , given by Eq. 5.4, to
be a valid metric. Let us recall the expression:
Z ∞
β1 (p1 , p2 ) = 1 − Q = 1 −
(B.1)
min(p1 (x), p2 (x))dx
−∞

where p1 (x), p2 (x) are the resulting PDFs when considering two Gaussians distributions with zero mean and the describing tensors T1 and T2
as covariance matrices, respectively. In order to prove that β1 is a valid
metric, we must ensure that it satisfies the four necessary conditions:
• Non-negativity. To begin with, it is clear that
Z ∞
Z ∞
p1 (x)dx =
p2 (x)dx = 1
−∞

−∞

Additionally, min(p1 (x), p2 (x)) ≤ p1 (x) and min(p1 (x), p2 (x)) ≤
p2 (x). Therefore,
Z ∞
Z ∞
min(p1 (x), p2 (x))dx ≤
p1 (x)dx = 1
−∞

Z

−∞

∞

Z

∞

min(p1 (x), p2 (x))dx ≤
−∞

p2 (x)dx = 1
−∞

so,
Z

∞

min(p1 (x), p2 (x))dx ≤ 1
−∞

which leads to
Z

∞

β1 (p1 , p2 ) = 1 −

min(p1 (x), p2 (x))dx ≥ 0
−∞
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• β1 (p1 , p2 ) = 0 if and only if p1 (x) = p2 (x). If p1 (x) = p2 (x), then
Z ∞
Z ∞
min(p1 (x), p2 (x))dx =
p1 (x)dx = 1
−∞

−∞

and so β1 (p1 , p2 ) = 0. On the other hand, if p1 (x) 6= p2 (x), then
Z ∞
Z ∞
min(p1 (x), p2 (x))dx <
p1 (x)dx = 1
−∞

−∞

and so β1 (p1 , p2 ) > 0. Notice that this may not be valid for distributions with finite support.
• Symmetry. As the min() operator is symmetric, it is clear that
Z ∞
Z ∞
min(p1 (x), p2 (x))dx =
min(p2 (x), p1 (x))dx
−∞

−∞

and therefore
β1 (p1 , p2 ) = β1 (p2 , p1 )
• Triangle inequality. We need to prove that 1
β1 (p1 , p3 ) ≤ β1 (p1 , p2 ) + β1 (p2 , p3 )
which equals to
1 − Q(p1 , p3 ) ≤ 1 − Q(p1 , p2 ) + 1 − Q(p2 , p3 )
and so
Q(p1 , p2 ) + Q(p2 , p3 ) − Q(p1 , p3 ) ≤ 1
Let us name
Z
Γ

∞

= Q(p1 , p2 ) + Q(p2 , p3 ) − Q(p1 , p3 ) =
min(p1 (x), p2 (x))dx
−∞
Z ∞
Z ∞
+
min(p2 (x), p3 (x))dx −
min(p1 (x), p3 (x))dx
−∞
−∞
Z ∞
=
[min(p1 (x), p2 (x)) + min(p2 (x), p3 (x)) − min(p1 (x), p3 (x))]dx
−∞

1 We assume that the three distributions are dierent. If they are either pairwise
equal or the three of them coincide, it is straightforward to see that the inequality holds.
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The domain of integration can be divided in 6 different regions, according to the situations that can be encountered if an ordering of
the distributions is carried out in terms of magnitude 2 :

Region
x




Increasing value

∆1
p3 (x)
p2 (x)
p1 (x)

∆2
p2 (x)
p3 (x)
p1 (x)

∆3
p3 (x)
p1 (x)
p2 (x)

∆4
p2 (x)
p1 (x)
p3 (x)

∆5
p1 (x)
p3 (x)
p2 (x)

∆6
p1 (x)
p2 (x)
p3 (x)

∆1
=

⇒ min(p1 (x), p2 (x)) + min(p2 (x), p3 (x)) − min(p1 (x), p3 (x))
p1 (x) + p2 (x) − p1 (x) = p2 (x)

∆2
=

⇒ min(p1 (x), p2 (x)) + min(p2 (x), p3 (x)) − min(p1 (x), p3 (x))
p1 (x) + p3 (x) − p1 (x) = p3 (x)

∆3
=

⇒ min(p1 (x), p2 (x)) + min(p2 (x), p3 (x)) − min(p1 (x), p3 (x))
p2 (x) + p2 (x) − p1 (x) = 2p2 (x) − p1 (x)

∆4
=

⇒ min(p1 (x), p2 (x)) + min(p2 (x), p3 (x)) − min(p1 (x), p3 (x))
p1 (x) + p3 (x) − p3 (x) = p1 (x)

∆5
=

⇒ min(p1 (x), p2 (x)) + min(p2 (x), p3 (x)) − min(p1 (x), p3 (x))
p2 (x) + p2 (x) − p3 (x) = 2p2 (x) − p3 (x)

∆6
=

⇒ min(p1 (x), p2 (x)) + min(p2 (x), p3 (x)) − min(p1 (x), p3 (x))
p2 (x) + p3 (x) − p3 (x) = p2 (x)

We can now split the integral in the different parts:
Z
Z
Z
Γ =
p2 (x)dx +
p3 (x)dx +
[2p2 (x) − p1 (x)] dx
∆1

∆2

∆3

2 Once again, we assume that the distributions are pointwise dierent. The isolated
values in which they may be pairwise equal are irrelevant under the integration sign.
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Z
+

Z

Z
[2p2 (x) − p3 (x)] dx +

p1 (x)dx +
∆4

∆5

p2 (x)dx
∆6

Now, in ∆2 , p3 (x) ≤ p2 (x). In ∆3 , 2p2 (x) − p1 (x) = p2 (x) +
[p2 (x) − p1 (x)], and since p2 (x) ≤ p1 (x) then 2p2 (x) − p1 (x) ≤
p2 (x). The same reasoning applies for ∆5 , so 2p2 (x) − p3 (x) ≤
p2 (x). Finally, in ∆4 , p1 (x) ≤ p2 (x). Therefore, we can write:
Z
Z
Z
Z
Γ ≤
p2 (x)dx +
p2 (x)dx +
p2 (x)dx +
p2 (x)dx
∆1
∆2
∆3
∆4
Z
Z
Z ∞
+
p2 (x)dx +
p2 (x)dx =
p2 (x)dx = 1
∆5

−∞

∆6
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Appendix C

In this appendix, we explain the construction of un unsupervised version
of Bouman’s segmentation method, which is supervised in principle.
Bouman’s multiscale segmentation method [34] is based on the estimation of the model parameters from a training set for each class. Therefore, it is inherently supervised. As the AC method proposed in this Chapter 5 is an unsupervised segmentation approach, and in order to perform
a fair comparison, we have constructed an unsupervised version of this
segmentation method. To do so, representative regions for each class
must be extracted from the image, in an unsupervised manner. We employ a K-means algorithm to this end as it has shown to provide competitive results. This K-means algorithm, however, is applied on the diffused
HSI image components instead of on the original image because of two
reasons. First, smoother results are obtained and it will be possible to
extract larger regions for the training step of Bouman’s method. Second,
as the same nonlinear diffusion process as in our AC approach is applied,
and both methods employ exactly the same diffusion step and number of
steps, consequently the comparison is as fair as possible.
Once the K-means algorithm has been applied and a two-class segmentation has been obtained, a fixed-size square is extracted from each
class. If this is not possible because no connected region obtained is
large enough so as to enclose such estimation window, the size of it is
reduced. The estimation windows so located are used on the original
components to carry out the training step for the estimation of the model
parameters 1 .
1 Note that, although the constructed version of Bouman's algorithm is mostly unsupervised, as was the case for the AC segmentation method proposed in this thesis,
some parameters still needed to be tuned, namely the amount of nonlinear diusion
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Finally, the SMAP segmentation algorithm is applied on the original images (HSI representation is employed) using the estimated parameters.

applied and the size of the estimation window.
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